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Abstract. This paper proves the strong parabolic Harnack inequality for local weak 
solutions to the heat equation associated with time-dependent (nonsymmetric) bilinear 
forms. The underlying metric measure Dirichlet space is assumed to satisfy the vol¬ 
ume doubling condition, the strong Poincare inequality, and a cutoff Sobolev inequality. 
The metric is not required to be geodesic. Further results include a weighted Poincare 
inequality, as well as upper and lower bounds for non-symmetric heat kernels. 


AMS Subject classification: 35D30, 31C25, 60J60. 

Key words: weak solutions, heat equation, Moser iteration, parabolic Harnack inequality, 
weighted Poincare inequality, heat kernel estimates, Dirichlet form, fractals. 

Author affiliation and address: Department of Mathematics, University of Connecticut, 341 
Mansfield Road, Storrs, CT 06250. 


Contents 


1. Introduction 

2. Cutoff Sobolev type conditions and non-symmetric forms 

2.1. The symmetric reference form 

2.2. Cutoff Sobolev inequalities 

2.3. Local cutoff Sobolev condition 

2.4. Structural assumptions on the form 

2.5. Quantitative assumptions on the perturbations 

2.6. Some preliminary computations 

3. Sobolev and Poincare inequalities 

3.1. Weak, strong, and weighted Poincare inequalities 

3.2. Localized Sobolev inequality 

4. The Moser iteration technique 

4.1. Time-dependent forms 

4.2. Local very weak solutions 

4.3. Estimates for sub- and supersolutions 

4.4. Mean value estimates 

5. Parabolic Harnack inequality 

5.1. The log lemma and an abstract lemma 

5.2. Parabolic Harnack inequalities 

5.3. Characterization of the parabolic Harnack inequality in the symmetric strongly 

local case 

6. Estimates for the heat propagator 

7. Parabolic maximum principle and caloric functions 

8. Construction of non-symmetric local forms 


2 

5 

5 

6 
8 

I 

1C 

1C 

13 

13 

16 

17 

17 

II 

18 
22 
26 
26 
3C 


33 

42 


1 







2 


JANNA LIERL 


References 


44 


1. Introduction 

Parabolic Harnack inequalities are relevant in studying regularity of solutions to the heat 
equation, and to obtain heat kernel estimates. On some metric measure spaces, sharp two- 
sided bounds of (sub-)Gaussian type for the transition density of a diffusion process can be 
characterized by the parabolic Harnack inequality. Moreover, parabolic Harnack inequalities 
can be characterized by geometric conditions, namely the volume doubling property and the 
Poincare inequality. This equivalence was first proved on complete Riemannian manifolds by 
Saloff-Coste |2t)[ 127] and Grigor yan m- Sturm [30] extended this result to metric measure 
Dirichlet spaces. Biroli and Mosco 0 proved the elliptic Harnack inequality on Dirichlet 
spaces. 

It is desirable to obtain similar results under minimal assumptions on the metric of the 
underlying Dirichlet space. Interesting and comprehensive results in this direction have 
been obtained in recent years. See, e.g., [M n m 1 US] and references therein for results 
in the context of fractal-type Dirichlet spaces. The main focus of these works is on bounds 
for symmetric heat kernels. Harnack inequalities are used to obtain or characterize these 
estimates. For this purpose, one may replace the parabolic Harnack inequality by the elliptic 
Harnack inequality together with some additional conditions, e.g., resistance estimate, or 
exit time estimate. 

In this paper, we present three main results. The hrst is the strong parabolic Harnack 
inequality on any metric measure Dirichlet space that satisfies volume doubling, strong 
Poincare inequality, and the cutoff Sobolev inequality on annuli. We emphasize that we do 
not require the metric to be geodesic, though if the metric is geodesic then we also have 
the converse implication, namely that the parabolic Harnack inequality implies the strong 
Poincare inequality. See Proposition lS.SI 

More specifically, we show that the strong parabolic Harnack inequality 

sup u < C inf u 
Q - Q+ 

holds for any non-negative local weak solution u{t,x) of the heat equation on a time-space 
cylinder Q{x, a, r) := (a, a-l-il'(r)) x B{x, r), where Q~ := (a-l-riik(r), a-|-r 2 di(r)) x B{x, Sr) 
and Q~^ := (a + T 3 'P(r), a + T4ik(r)) x H(x, Sr) are two smaller time-space cylinder of radius 
Sr < r that are separated by a time gap (a + Ts'l'lr)) — (a + T 2 '}/(r)). Here a is any real 
number, a; € X is any point in the underlying metric measure space, and C is a positive 
constant depending on the arbitrary choice of parameters 0 < ti < T 2 < T 3 < T 4 < I. 
The function ik describes the appropriate time-space scaling that is implicit in the assumed 
Poincare inequality PI('I') and the cutoff Sobolev inequality GSA(di) whose definitions we 
recall in the main text. Our only condition on ik is that it satisfies a polynomial growth 
condition ([5]) given in Section [221 

In the absence of a geodesic metric, we must distinguish between the strong parabolic 
Harnack inequality as stated above, and the weak parabolic Harnack inequality (see |3]) in 
which the Harnack constant exists for some parameters 0 < ti < r 2 < T 3 < r 4 < I but not 
necessarily for any arbitrary choice of parameters. See 12 na for equivalence results for the 
weak parabolic Harnack inequality on symmetric Dirichlet spaces. 
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The second main result concerns weak solutions of the heat equation associated with 
time-dependent and/or non-symmetric bilinear forms t G R. These bilinear forms 

generalize Dirichlet forms: they may lack the Markovian property, non-negative definiteness, 
or symmetry. We think of these forms as perturbations of a symmetric strongly local regular 
reference Dirichlet form {£* ^F). Our hypothesis is that the bilinear forms £t satisfy certain 
structural conditions (see Assumption IHl) and quantitative conditions (Assumptions [U [2]) . 
We establish the local boundedness of local weak solutions (Corollary 14.81) and the strong 
parabolic Harnack inequality for £t lTheorem l5.3l) under natural geometric conditions on the 
reference Dirichlet space. The local boundedness and the Holder continuity (Corollary [53]) 
of local weak solutions are well-known consequences of the parabolic Harnack inequality. A 
priori, however, the local boundedness of weak solutions is not obvious. We derive it from 
mean value estimates which we prove using a Steklov average technique similar to that in 

[ID- 

Third, we present upper and lower bounds for the nonsymmetric heat kernels or, in the 
time-dependent case, heat propagators associated with ft, t G R. As in m, our assumptions 
on the non-symmetric perturbations cover plenty of examples on Euclidean space, Riemann- 
ian manifolds, or polytopal complexes. For instance, our results apply to uniformly elliptic 
second order differential operators with (time-dependend) bounded measurable coefficients. 
Examples of non-symmetric bilinear forms on an abstract Dirichlet space are not immediate. 
In Section jS] we construct a non-symmetric perturbation f of a symmetric strongly local 
regular Dirichlet form {£*,F) so that £ satisfies the strong parabolic Harnack inequality 
and heat kernel estimates. 

Our setting includes fractal spaces like the Sierpinski carpet, though in this case the 
strong parabolic Harnack inequality is equivalent to the weak parabolic Harnack inequality 
because the metric is geodesic. Nevertheless, this case is interesting because we give a proof 
that does not rely on heat kernel estimates. 

This work is in part motivated by applications to estimates for nonsymmetric Dirichlet 
heat kernels on inner uniform domains in fractal spaces [18) . A common hypothesis in the 
works HEP which treat fractal-type spaces, is the conservativeness of the Dirichlet form. 
Since the estimates in |18j are proved using Doob’s transform and it is not clear a priori 
that the transformed Dirichlet space would be conservative, it was important to not assume 
conservativeness in the present work. We remark that the assumption of conservativeness 
was already dropped in, e.g., m in a similar context. 

We prove our main results using the parabolic Moser iteration scheme [23l [HI [25]. It 
was proved by Barlow and Bass in [ 2113 ] that the elliptic Moser iteration scheme can be 
applied to obtain the elliptic Harnack inequality on a fractal-type metric measure Dirichlet 
space which is symmetric strongly local regular and which satisfies the volume doubling 
property, the strong Poincare inequality, and a cutoff Sobolev inequality. The parabolic 
Harnack inequality was then derived through an estimate for the resistance of balls in 
concentric larger balls. The approach in laii] is to follow Moser’s line of arguments with dp, 
replaced by a measure d'yx,R = 'i’{R)dT((j), (p) -|- dp, where dT{-, •) is the energy measure of 
the Dirichlet form, and is a cutoff function for the ball B{x,R/2) with compact support 
in the larger ball B{x, R). This approach does not seem to generalize to the parabolic case: 
the estimates for sub- and supersolutions (cf. Lemma 14.41 and 14.51) . which are an important 
step in obtaining mean value estimates, are not available with 'yx,R in place of p. Therefore, 
the parabolic case requires that the energy measure dT{^p, ip) of a suitable cutoff function ip 
must be estimated through a cutoff Sobolev inequality very early in the line of arguments, 
that is, when proving sub- and supersolution estimates. This is possible thanks to the cutoff 
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Sobolev inequality on annuli CSA('I') which was introduced in [T]. The relevant property 
of this condition is that for every e G (0,1) there exists a cutoff function ip for B{x,R) in 
B{x,R + r) that satishes the inequality 


r f A-P 2/2 p 

(1) / fdT{iP, iP)<e iP^dm f) + C-ppfY- / fdpi, 

J J JB{x,R+r) 

for all f G J-, where C is a positive constant independent of '0, /, x, R, r, e. 

A slightly weaker condition is the generalized capacity condition introduced in [T3]: It 
is inequality m for bounded functions f G R Ci L°°{X) and the cutoff functions ip are 
allowed to depend on /. The generalized capacity condition appears to be too weak to run 
the parabolic Moser iteration. Indeed, since the local boundedness of weak solutions is not 
known a priori, several approximation arguments are used in our proof. Because of this 
we need the cutoff functions to be independent of the functions that approximate the weak 
solution. 

Once the mean value estimates for sub- and supersolutions are proved, we apply a 
weighted Poincare inequality to complete the proof of the parabolic Harnack inequality. 
More specifically, we need the weight to be a cutoff function that satisfies CSA(4'). The 
weighted Poincare inequality is obtained in Theorem 13.41 

It is worth pointing out that our arguments are local. Therefore, our hypotheses on the 
space (volume doubling and Poincare inequality) are local. That is, they are stated for balls 
B{x,R) that lie in some subset Y of the underlying space X, with radii i? up to a fixed 
scale R< Rq G (0, 00 ]. 

Regarding the notion of (local) weak solutions to the heat equation, we adopt the def¬ 
inition that is natural from the viewpoint of existence and uniqueness theory (see, e.g., 
[201 EH E]). In order to clarify the relation of recent literature to our results, we verify that 
the space of local weak solutions to the heat equation associated with a symmetric strongly 
local regular Dirichlet form constitutes a space of caloric functions in the sense of |1]. Along 
the way, we obtain a proof of the parabolic maximum principle (Proposition [7T]) using the 
Steklov average technique. We remark that the axiomatic properties of caloric functions 
implicitly presume the strong locality of the Dirichlet form. 

In part of this paper, we will work with the so-called very weak solutions introduced in 
[19] . Very weak solutions may lack continuity in the time-variable and are thus too general 
to satisfy the parabolic Harnack inequality unless we additionally assume continuity in the 
time-variable, which then leaves us with weak solutions. 


Structure of the paper. In Section |2| we recall basic properties of the underlying 
metric measure Dirichlet space and introduce non-symmetric perturbations of the reference 
Dirichlet form (£*, X). Since the assumptions we impose on the perturbations involve cutoff 
functions, we provide some background on cutoff Sobolev inequalities in the same section, 
and introduce a localized cutoff Sobolev condition. 

In Section El we consider Sobolev and Poincare inequalities for the reference form. The 
main result of this section is the weighted Poincare inequality of Theorem 13.41 

In Section 0] we return to the setting of time-dependent non-symmetric local bilinear 
forms. We recall the definition of very weak solutions introduced in [191 Definition 3.1] in 
Section 14.21 and then follow Moser’s reasoning: We hrst prove estimates for non-negative 
local weak sub- and supersolutions ISection 14.311 and then run the parabolic Moser iteration 
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scheme to obtain mean value estimates ISection 14.41) . A main result of the paper, the local 
boundedness of weak solutions, hides in Corollary 14.81 

Section [5] is devoted to parabolic Harnack inequalities. Section [5.21 contains main results, 
namely parabolic Harnack inequalities in the context of non-symmetric local bilinear forms. 
In Section [?3l we take a closer look at the case of a symmetric strongly local regular Dirichlet 
form, relating the present paper to recent literature. This subsection relies on a parabolic 
maximum principle and a super-mean value property for local weak solutions. We prove 
these in Section [71 

In Section [6] we present applications: estimates for symmetric and non-symmetric heat 
kernels and, in the time-dependent case, heat propagators. Some of these estimates are 
proved under the additional assumption that the metric is geodesic, and the bilinear forms 
satisfy a further quantitative condition (Assumption [4]). 

We conclude the paper by constructing an example of a non-symmetric local bilinear 
form on a fractal-type metric measure space, see Section |S1 

Acknowledgement. The author thanks Laurent Saloff-Coste for discussions. 


2. Cutoff Sobolev type conditions and non-symmetric forms 


2.1. The symmetric reference form. Let (A, d, be a locally compact separable metric 
measure space, where /r is a Radon measure on X with full support. Throughout this paper 
we fix a symmetric strongly local regular Dirichlet form {£* ,F) on The Dirichlet 

form {£*,X) induces the norm 

11 /11^:= r(/,/)-f I fdfi 


on its domain X. The energy measure T of £* (in m denoted as .>) satisfies a 
Cauchy-Schwarz inequality, cf. [lOl Lemma 5.6.1], 


( 2 ) 


fg dT{u,v) 


< 


fdT{u,u) 


g‘^dT{v,v) 


for any u,v G X and any bounded Borel measurable functions f,g on X. We have the 
following chain rule for L: For any v,ui,U 2 , ■ ■ ■, Um € A D L°°(X, g), u= {ui, ..., Um), and 
<I> S C^(]R'") with 4)(0) = 0, we have <i)(M) S AD L°°{X,fi) and 

m 

(3) dT{^{u),v) = y^^^xi{u)dT{u^,v), 

i=l 

where 4)a,. := d^/dxi and it is a quasi-continuous version of u, see [TUI (3.2.27) and Theorem 
3.2.2]. When is bounded for every i G {1,. ■ ■ ,m} in addition, then $( 11 ) G X and dUj) 
hold for any iti,... £ X and any n G AD L°°{X,g); see [TUI (3.2.28)]. 

Inequality ([7]) together with a Leibniz rule m Lemma 3.2.5] implies that 

(4) J dr{fg, fg)<2j fdr{g, g) + 2 J g^dr{f, /), 


for any f,g £ Xr\L°°{X). Here, on the right hand side, quasi-continuous versions of / and 
g must be used. 

By definition, the (essential) support of / G L^(A, g) is the support of the measure \f\dg. 
For an open set 17 C A, we set 


Xc{U) ■.= {f € X : The support of / is compact in U}, 
X°{U) := closure of Xc{U) in (A, || • ||^), 
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Ac(C/) := {/ e : V compact K CU, 3/“ G = /*|^ ^i-a.e.}. 

For functions in -FiociU) we always take their quasi-continuous versions. Note that T(f,g) 
can be defined locally on U for f,g € JSoc(t^) by virtue of (TUI Corollary 3.2.1]. For any 
v,ui,...,Um G J'ioc(C/) nL^^{U,fi) and $ G we have $(m) G J’ioc(t/) nLi“(f/,^) 

and the chain rule (l3|) holds. For convenience, we set Th := T Ci L°“(X,/r), := J-c{X) 

and .— .Fioc(.^). 

Throughout the paper we will use the notation f W a := max{/, a}, f A a := min{/, a}, 
/+ := / V 0 and f~ := for a function / and a real number a. 


2.2. Cutoff Sobolev inequalities. For the ease of readability, we suppose in this subsec¬ 
tion that any metric ball B(x^ R + r) G X under consideration is relatively compact. Later, 
we will localize this assumption; see condition (A2-F) in Subsection 12.31 

Let dl : [0, oo) —[0, oo) be a continuous strictly increasing bijection. Assume there exist 
/3i, /32 G [2, oo) and G [1, oo) such that, for all 0 < s < i?. 


(5) 



- «-(s) 


< 



Definition 2.1. A function tjj G J- is called a cutoff function for B{x,R) in B{x,R + r), 
where a; G X, i? > 0, r > 0, if 

(i) ip is continuous, 

(ii) 0 < Ip < 1 /i-a.e., 

(iii) Ip = 1 on B{x,R) g-a..e., 

(iv) The compact support of ^p is contained in B{x, R + r). 


Definition 2.2. {X,d, fj.,£* ,iF) satisfies the cutoff Sobolev condition on annuli, CSA('I'), 
if there exists a constant Co G (0, oo) such that for any e G (0,1), a; G A, i? > 0, r > 0, 
there exists a cutoff function ip for B{x, R) in B{x, R + r) such that 

r r Cnf^“^2/2 r 

(6) V/ G A, / fdTiiP, iP)<e iP^dVif, f) + \ / ipfdg, 

Ja Ja ^(?') Ja 

where A = B{x, R + r)\ B{x, R). 

Abusing notation, we denote by CSA('I') not only the cutoff Sobolev condition on annuli, 
but also the collection of all cutoff functions that satisfy for some x,R,r. We will 
sometimes write ip G CSA('I',e) or ip G CSA('I>, e, Co) when ip satisfies ([ 6 ]) for the specified 
e and Cq. To keep notation simple, we will write Co(e) for 

The cutoff Sobolev condition on annuli was introduced in [1] for fixed e = |. From 
the proof of [H Lemma 5.1] it is clear that CSA(4') holds with some fixed e and for all 
r > 0, i? > 0 if and only if it holds for all e G (0,1) and for all r > 0, i? > 0 (with a different 
cutoff function for each e). Thus, the two definitions are equivalent. More precisely, we have 
the following lemma which quantifies the scaling of the zero order term on the right hand 
side of dni) as e varies. 


Lemma 2.3. Let B{x,R + r) C X be relatively compact. For every e G (0,1) there exists 
X G (0, cxd) such that the following holds. For each non-negative integer n let bn = 

Sn = c\re~'^^^^^, where cx is chosen so that ='■ r' < r. Let tq = 0, 

n 

rn='^Sk 
k=l 


( 7 ) 
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and Bn = B{x, R + r„). Let ipn be a cutojf function for Bn-i in Bn which satisfies 


V/G^, 


[ fdr{^Pn,fjn)<c,[ dr{f,f) + -^[ fd^i, 


for some fixed constants ci, ci that do not depend on n, x, r, R. Let 


OO 

ijj := - bn)iJn- 

n —1 

Then tp is a cutojf function for B{x, R) in B(x, R + r) and ip satisfies ([6|) for the given e 
with some constant Co G (0, cxd) that depends only on /? 2 , C'.^, ci, C 2 . 


The cutoff function ip constructed in Lemma 12.31 will serve as a weight function in the 
weighted Poincare inequality of Theorem 13.41 We include the full proof of this lemma for 
the convenience of the reader, though it is essentially the same as [TJ Proof of Lemma 5.1]. 


Proof. Let f G if. Note that '0 = 1 on So = B{x, R), and ip — {bn-i — bn)ipn is constant on 
Bn \ Bn-i- Because of the strong locality and [T] Theorem 4.3.8], we obtain 


fdTiiP,iP) 


p CO p 

= fdT{lP,lP)+y2ibn-l-bnf fdTiiPn.lPn) 

J Bq n —1 Bn\Bn-l 

OO p 

+ 2^(&„-l-6n) / PdT{lpn,1p - {bn-l-bn)lpn) 

n=l JB^\Bn-i 

OO p 

+ V] / f^dT{lp - (bn-l - bn)lpn, “ (bn-l “ bn)lpn) 

r, = l J Br,\Bn-l 




C2 


Cl / dTifJ) , 


Bn\Bn-l 


f dll 


= '^{bn-l-bnf I fdr{lpn,1pn 

n—1 

OO 

^ ^ ^ i^n—l ^n) 

n —1 

C oo 

/ dT{fJ)] 

n^l dB^Bn-i J 

OO p 

+ fdu. 

/ OO p 

Ip^dTif, f) + '^{bn-l - / fdp,. 


The last inequality is where we needed the annuli (rather than balls) because we want the 
sum to be a telescoping sum. We also used the fact that ipn>bn = on Bn-i \ Bn- By 
(0, we have 


( 8 ) 


'^{Sn) ~ \cxre-'^^/d2 ) - c^f^^bn-l-bnY 
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Thus, 


^ ^ (^n—1 ^n) 


2 C2 


^'(Sn) 


'-Bn\Sn 


/ d/i < 


(e^ - 1)^ C2 • 


Finally, 


< (e^ - l)2ci / V'"dr(/,/) + 


(e"^ — 1)^ C2 • 

'l'(r’) 


./32 


■ipf dn- 


ipfd^i. 


Choose A := log(l + (e/ci)^/^). Then {e^ — l)^ci = e. By the choice of Ca, 

CA = - 1)-. 


Hence, 


(e^ - If (e^ - If 




(gA//32 _ 1)^2 r 

< const(/32,Ci,r7r) 


= ±(eV/32 _ i)-/32 
Cl 


-ft 


Cl 


l-ft/2 


where we applied the trivial inequality (e^ — 1)’ ^ < a; ^ with x = log(l + (tjcffl’^^j^i. 
This completes the proof. □ 


2.3. Local cutoff Sobolev condition. Let (X. d. u. £*.T) be as in Section l2.ll Let H CX 
be open and i?o > 0. 


Definition 2.4. The cutojf Sobolev inequality on annuli, CSA(^'), is satisfied on Y up to 
scale Ro if there exists a constant Co S (0, oo) such that, for any e G (0, 1), 0 < r < i? < Rq, 
B{x, 2R) C Y, there exists a cutoff function tp for B{x, R) in B{x, R + r) such that 

(9) V/G.F, [ fdr{f,f)<e [ 7^dr(/,/)+ ^°^ [ ffdyi, 

Ja Ja '^(r) Ja 

where A = B{x, R + r)\ B{x, R). 

2.4. Structural assumptions on the form. Let {X,d, fi,£*, J-) be as in Section I^Tl We 
will refer to {£*,X) as the reference form for the bilinear forms defined below. Let (£t,X), 
t € K, be a family of (possibly non-symmetric) local bilinear forms that all have the same 
domain X as the reference form {£*,iF). We always assume that, for every f,g G X, the 
map 1 1 —>■ £tif,g) is measurable. 

For f,g GF, let £’7“(/, g) ■= \ g) + £t{.g, /)] be the symmetric part of £t{f, g) and 
let g) := ^[£t{f,g) — £t{g,f)] be the skew-symmetric part. Notice that 1 G Foe, 

thus £t{l,f) and £t{f, 1) are well-defined for any / G F^- We will use the decomposition 

£tif,g) = £tifF) +£f’^{fg, 1) + A(/,3) +B.t{f,g), for any f,g GF with fg GF^, 
that we introduced in |19j . Here, the so-called symmetric strongly local part is defined by 
£^ff,g) := £nf,g) - £f^{fg, 1), f,gGF with fg G F^, 
and the bilinear forms Lt and Rt are defined by 

£t(/,g) := i [Fifg, 1) - £fl, fg) + £tif,g) - £t{g, /)], 

nff, g) := i [£t{l, fg) - £t{fg, 1) + £t{f,g) - £t{g, /)] = -Cfg, /), 
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for any f,g £ with fg G Due to the locality of £t, the bilinear forms Lt{f,g) and 

T^t{f,g) are well-defined whenever / G Jloc fl L^^{X,g,) and g G Ci or vice 

versa. 

Let D be a linear subspace ot F Ci Cc{X) such that 

(i) V is dense in {F, || • ||^). 

(ii) If / G then (/ V 0) G D and (/ A 1) G V. 

(hi) If / G D then d)(/) G V for any function $ G C^(IR.™) with $(0) = 0, where m is a 

positive integer. 

By the regularity of the reference form {£* ,F), such a space V exists. We make the following 
assumption on the structure of the forms £t, t G M. 

Assumption 0. For each f G K, ft is a local bilinear form with domain D{£t) = F. For 
every f,g G F, the map 1 1 —>■ £t{f,g) is measurable. Moreover, 

(i) there exists a constant C* G (0, oo) such that 

|ft(/,ff)|<a||/|b||g|b, V/,5G 

(ii) for all f,g gF^, with fg G Jr, 

|fr(/g,l)|<a||/|H|5lb, 

(hi) there is a constant C G [l,oo) such that 

^£*{f, f) < ft (/, /) < C£*if, /), V/ G .F n C,(A). 

(iv) (Product rule for ft) For any u,v,fG T>, 

Ctiuf, v) = Ct{u, fv) + Ctif, uv). 

(v) (Chain rule for Ct) For any v,Ui,U 2 , ■ ■ ■ ,Mm G D and u = {ui,... ,Um), and for 
any $ G C2(R™), 

m 

Ct{^{u),v) = y^Ct{Ui,^Xi{u)v). 

i=l 

(vi) There exist constants 0 < c < a < cxi such that, for all f G 

£t{fj) + a j fdg, > c\\f\\jr. 

Part (i) and (vi) of Assumption [D] ensure the existence of weak solutions to the heat 
equation. See, e.g., m- 

Under Assumption [Ql the bilinear forms ft, ft^™, and f®*'®"' are continuous on F" x F”. 
For results on extending the bilinear forms Ct and Ft and the maps (/,g) £t{fg, 1) and 
(/;<?) ft(l 7 fg) to F X F, see [HI Section 7.2]. The elementary proof of the next lemma 
will be given elsewhere. 

Lemma 2.5. Under Assumption the bilinear form f|, defined for f,gGFh with 
fg G Fc(A), extends continuously to F x F, and the extension {£l,F) is a strongly local 
regular symmetric Dirichlet form. 

Under Assumption [01 the Dirichlet form (f(,F) admits an energy measure Ft which 
has all properties that are described in Section [2T] for the energy measure F of (f*,F). 
In particular, Ft satishes the product rule, the chain rule, and a Cauchy-Schwarz type 
inequality. 
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Assumption [Dfii) implies that there exists a constant Cio S [1 ,cxd) such that 

(10) ^ J fdT{g, g)< J pdTt{g, g) < J fdr{g, g), V/, g £ n C^{X). 

See [22]. Of course, this inequality extends to all bounded Borel measurable functions 
f : X ^ (—oo, +cxd) and g G T. The inequality also holds when f G T and g G CSA(d>). If 
the reference form {6*,T) satisfies CSA(^',C'o) locally on Y up to scale Rq, and if {£t,X) 
satisfies AssumptionlHl then {£l,F) satisfies CSA('I>, Cq) locally on Y up to scale i?o (with 
Co depending on Cq and Ciq). 

We refer to Section [5] and to [12] for examples of forms £t that satisfy Assumption jOj 

2.5. Quantitative assumptions on the perturbations. Suppose Assumption [0] is sat¬ 
isfied. In this section we introduce quantitative assumptions on the zero-order part and 
on the skew-symmetric part of each of the forms {£t,T), t G K. We will show in Section [4] 
below that our assumptions are sufficient to perform the Moser iteration technique to obtain 
L^-mean value estimates. The statements of Assumption [T] and Assumption [2] are inspired 
by and weaker than m Assumptions 1 and 2]. The new contribution here is that we state 
these quantitative conditions only for functions ip that are cutoff functions and in CSA(4'). 

As before, we fix an open connected set 1" C X and Rq > 0. Let Cq G (0, oo) be given. 
Let 

(11) Ci(e) := e-^/^Co{e) = Co ■ , for e G (0,1]. 

Assumption 1. There are constants C 2 , C 3 , Cn G [0, 00 ) such that for all t G M, for any e G 
(0,1), any 0 < r < R < Rq, any ball B{x, 2R) C F, any cutoff function ip G CSA(4', e, Cq) 
for B{x, R) in B{x, R + r), and any 0 < / G J^ioc(F) fl (C /^)i 

|£:^“(/V^l)l + \£t-{fiP\i)\ + \£t'~{fjpj^)\ 

< Cue'/" J iP^dTif, f) + (C 2 + C3T(r))^ ^ fdg, 

where B = B{x, R + r). 

Assumption 2. There are constants C 4 , C 5 , Cn G [0, 00 ) such that for all t G K, for any e G 
(0,1), any 0 < r < R < Rq, any ball B{x, 2R) C Y, any cutoff function ip G CSA('I', e, Cq) 
for B{x, R) in B{x, R + r), and any 0 < / G J 4 oc(F) with / -|- f~^ G L^^{Y, p), 

|ff*"'(/,rV)| CCnei/^lV. 2 dr(log/,log/) + (C4 + C5T(r))^^dM, 

where B = B{x,R + r). 

Remark 2.6. For simplicity, we may and will assume that the constants Cn in Assumption 
[Tjand in Assumption [2] are the same. 

2.6. Some preliminary computations. In the next three lemmas, we consider bilinear 
forms {£t,X), t G M, which satisfy Assumption [0] and Assumption |T] with respect to the 
reference form {£*,T). Recall that Y is an open subset of X. For a non-negative function 
u and a positive integer n let 

Un '■= u f\ n. 

Lemma 2.7. Suppose Assumption\^ and Assumption\^ are satisfied. Let p G K, e G (0,1), 
0 < r < i? < Ro, and B{x, 2R) C Y. Let ip G CSA(T, e, Co) be a cutoff function for B{x, R) 
in B{x, R + r), and 0 <u G J4oc(F) nL[“ (F,/i). Assume either of the following hypotheses. 
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(i) P > 2 ; 

(ii) u is locally uniformly positive. 

Then uuf € J^ioc{Y), for any q > 0. Moreover, for any k > 0 it holds 

+ {2keCio{p - - C ((1 - pf + {l-p))) j Ur,) 

( 12 ) +4kC,o^ I 

where C = Cio if'^-^—^ + l—p > 0 and C = otherwise, and C = if {l—p)^+l—p > 0 
and C = Cio otherwise. 


(1 - p)£l{u, < (^SfceCio + C 


\^-P? 


+ l-p 


Proof. The first assertion follows from [THl Lemma 1.3]. Moreover, by ([3]) and (I2|) we have 
for any k > 0 that 

( 1 < 4fc J u'^uP~^drt{ip,'tp) 

+ + (1 -P)^ J tf^ul~^dTt{u,u) 

- ((1+ (1-U) J tp'^uP~'^dTt{un,Un). 

Hence (fT31) follows from applying ([S]) and (ITUl) . □ 


Lemma 2.8. Suppose Assumption\^ and Assumptionl^ are satisfied. Let p £ (—oo, 1 — p) 
for some small p > 0. Let e £ (0,1), 0 < r < i? < Rq, and B{x,2R) C Y. Let fj £ 
CSA('I', e, Co) he a cutoff function for B{x,R) in B{x,R + r), and 0 < w £ FiaciY) n 
Lff^(Y,fi). Assume us is locally uniformly positive and locally bounded. Then, for any 
k > 0, it holds 




V=) < ( 


2Cioe 

V 


p'^ +-^{p-{1-p/2))'^ J if'^uP '^dT{u,u) 


(13) 


8CioCo(e) 
p 'l'(r) 


ifu^dpL. 


For the proof, simply choose /c = |(1 — p) in the proof of Lemma [2T7l 


Lemma 2.9. Suppose Assumption\^ and AssumptionUi are satisfied. Let p £ K, e £ (0,1), 
0 < r < R < Ro, and B{x, 2R) C Y. Let £ CSA('I', e, Co) he a cutoff function for B{x, R) 
in B = B{x,R + r), and 0 < u £ J^ioc(L^) H Lff^ifY, ff). Assume either of the following 
hypotheses. 

(i) P > 2 , 

(ii) p 0 and u is locally uniformly positive. 

Then, 


\£ff’^{u^uP 1)1 < 2Ciie^/^ y < ^il}^dr{u,u) + J ^il}'^dT{un,Un) 

+ (C 2 + C3«'(r))^^ u^uPff^dp, 
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and, 


< 2 C'iiei/ 2 y yP- 2 ^ 2 ^r(u,M) 

, ^ , 1/2 /^(p- 2)2 ^ |p(p-2)|^ /’„.p-2„,,2jt-/„, ^ 

“h C'ii 6 12 ”^ 4 / / '^n) 

+ (C 2 + C34.(r))^ 

Proof. We will prove the assertion for u € V. Then the general case follows by approxima¬ 
tion, using Assumption 0(i), the locality of £t, and the fact that T> is dense in (J", || • ||^). 
First consider the case when u is uniformly positive on the support of tp. By strong locality, 
® and we have 

(14) J 'ijj'^dr{uuf^ <2 J uP~'^tp‘^dr{u,u) + J uP~'^tp‘^d^{ur„Un)■ 

The hrst assertion follows easily from Assumption [T] and (IT4l) . By [191 Lemma 2.13], we 
have 


P 

(15) 

Hence, by Assumption [T1 (Hj) and (imi . we have 

\£t-{u,uul-^f;^)\< 2 Cne^/^ J <-V'rfr(u,n) 

, ^ . 1/2 Ap- 2 )^ , \p{p-2)\ 

+ Cne i- 




< ^'ip^dr{Un,Un) 


{C, + C,nr))^ j^n^<-^d^, 


+ (C 2 + C3vl/(r)) / <d^Ji. 

\p\ ^(0 Jb 

In the case when u is not uniformly positive on the support of ip, repeat the proof with 
M + e in place of u. If p > 2, then we can let e tend to 0 at the end of the proof. □ 


For £ > 0, let 


Ur := u + e. 


Lemma 2.10. Suppose Assumption\^ and Assumption]^ are satisfied. Letp S K., e G (0,1), 
0 < r < R < Rq, and B{x, 2R) C Y. Let ip G CSA('I', e, Co) be a cutoff function for B{x, R) 
in B{x, R + r), and 0 <u G TioffY) D L^ffY, ff). Then, for any k>l, 

|gt(£,ug~V^)l < j ip^uP-^dT{u^,u,,) + {C2 + C3'i>{r))^^^ J^uPdfi, 

where B = B(x,R + r). 
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Proof. We apply Assumption [T] and ([3]). Then, 

< [ tl;'^dr{u~ ,u~) + s{C 2 + 

J Jb 

< C'liei/zi^L-iL J euP-^tlj'^dr{u^,u^) + {C2+C3'S{r))^^ J euP-^dfi. 

Applying e <Ue completes the proof. □ 

3. Sobolev and Poincare inequalities 

3.1. Weak, strong, and weighted Poincare inequalities. In this section we consider 
Sobolev and Poincare inequalities for the symmetric reference form (£"*, J^) defined in Section 
nn We fix an open connected set Y <Z X and i?o > 0. 

For the rest of the paper we suppose that 

(A2-y) If B{x, 2R) C Y with 0 < r < i? < i?o, then B{x, R-\-r) is relatively compact. 

Note that any open set Y such that Y is complete in {X,d) satishes (A2-y), see, e.g., |301 
Lemma l.l(i)]. 

Definition 3.1. The volume doubling property is satisfied on Y up to scale i?o if there 
exists a constant Cvd G (1, oo) such that for every ball B{x, 2R) CY, 0 < r < R < i?o, 

(VD) V(x,R + r) <CvoV{x,R), 

where V{x, R) = fi{B{x, R)) denotes the volume of B{x, R). 

Lemma 3.2. If YD is satisfied on Y up to scale Rq, then for v = log 2 (C'vD), 

p{B{x,R)) ^^2 
ti{B{y,s)) - ^^\s) ’ 

for all 0 < s < R < Rq and y € B{x^ R) with B{y, 2R) C Y. 

Proof. See [28l Lemma 5.2.4]. □ 

Definition 3.3. {£*,T) satishes the (strong) Poincare inequality PI(iE') on Y up to scale i?o, 
if there exists a constant Cpi G (0, oo) such that for any 0 < r < R < Rq and B{x, 2R) C P, 

(PI(I1/)) Vfexuy), [ l/-/BpdM<Cpi4/(A + r) / dVifJ), 

JB Jb 

where /b = v(x^R+r) lB{x,R+r) is the mean of / over B = B{x, R + r). 

Assumption 3. The reference form (A, d, /i, £* satishes A2-P, VD, P^^i) and CSA(4') 
on Y up to scale Rq. 

Theorem 3.4. Suppose Assumption |3] is satisfied. Then {£*,J-) satisfies a weighted 
Poincare inequality on Y up to scale Rq. That is, there exists a constant CwPi G (0,oo) 
such that for any 0 < r < i? < i?o, any B{x, 2R) C Y, and for every e G (0,1), there exists 
a cutoff function ip G CSA('I', e, Co) for B[x, R) in B(x, R + r) such that 

^f€TUY), J |/-/^|V'rfd<C„Pi4'(A + r) J fj^dVifJ), 


( 16 ) 
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where 


fi’ — 




J 

The constant C^pi depends only on Cq, Cyu, Cpi. 
Proof. Let e G (0,1). Let 


(17) 


= '^{bn-l - bn)llj„ 


be the cutoff function constructed in Lemma [2. 3 1 In particular, for each non-negative integer 
n, bn = 6“""^ for some A = A(e), and ijjn G CSA('I') is a cutoff function for Bn-i in i?„, 
where Bn = B{x,R + rn) and the sequence rn t r' < r is defined by ([7]). By Lemma 1^31 we 
have Ip G CSA(iI', e, Co) for a suitable choice of A(e). We will prove the weighted Poincare 
inequality (HU) for the weight ip given by (ED- By the triangle inequality, 

J l/-^lVd/r< J\f-fBoU^dfi + J\fB, - 

The second integral on the right hand side can be estimated by 


I l/Bo-/blVd/^ = I 


f(f - fBo)lp^dfl 


) 

ip'^dp, < J \f - fBo\^'ip'^dp., 


f ip'^dp 

where we used the definition of and the Cauchy-Schwarz inequality. Thus, it suffices to 
show that there exists a constant C G (0,oo) such that 

V/G J-,o,(F), J \f-fBo\^PJ^d^^<C'i'{R + r) I fj^dTifJ). 

By m and the fact that ipn vanishes outside Bn and 0 <■!/;„< 1, we have 

y 1/ - = '^'^(bn-l - bn){bm-l “ &m) j \f ~ /Bq 


C ^ ^ ^ ^f bn—1 bn}{bm—l ^m) 


B„nB„ 


|/-/boI d/i 


< h + h, 

where we applied the triangle inequality with 


dl ■— 2 ^ ^ ^^f bn—l bn){bni—l bni) 


|/-/B„nB„pdM 


B„nB„ 


and 


h := 2j2J2^bn-l - bn){bm-l - bm) 


B„nB„ 


|/B„nB,„ — /boI dp. 


Observe that 

bn—l bn = e (bn bn+l). 

Applying the strong Poincare inequality on the ball Bn O Bm = Bn Arm and using the fact 
that ipn+i = 1 on Bn, we obtain 

7i < Cpi^^(6„_i - 6„)(6m-i - ^m)^'(7?+(r„ A r^)) f dT{f,f) 

n rn J EnHEm 

< Cpi^ {R + r)'^'^{bn-l - bn){bm-l - bm) [ tpn+l'fpm+ldTi.f, f) 
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< C'pi4'(i? + r) EE 6 {b^i ^n+l)(^m ^m+l) '4^n-\-l'4^rn-\-ld^(^f ■, f') 

n m 

<Cpie2^'I'(i? + r) J V'"dr(/,/). 


Now we estimate l 2 - Note that |/B„nBm ~/soI is constant and fl B^) < V{x,R-\-r) < 
C'vd/^(^o) by the volume doubling property. We apply the triangle inequality and then the 
Poincare inequality on the balls fl and Bq . This yields 


h 


< 

2Cvd 

EE(^"-i- 

bn){hrn — l 

) [ l/SnClSn. - 



n m 


J Bo 

< 

4C'vd 

EE(^"-i “ 

^n){^m —1 

) ( [ l/snns™ - fl^dfi + 



n m 


\JB„nB,„ 

< 

8Cvd 

cpi ^ 


bjn)'^{R+ (r„ Ar„)) / 



n m 


JB^CBm 

< 

SCvD 

C'pie2^4'(i? + r 

) [ ^^drifj). 



f I/-/B0 

J Bo 

dr{f,f) 



□ 


Definition 3.5. {£* ,T) satisfies the weak Poincare inequality weak-Pl(ih) on Y up to scale 
i? 0 i if there exist constants k € (0,1) and C'(k) € (0, 00 ) such that for any 0 < r < kR < 
R < Rq and any ball B{x^ 2R) C Y, 

V/gJ-ioc(F), [ \f-fB\^d^l<C{K)'^^{ 2 R)[ dr{f,f), 

JB Jb{x,2R) 

where B = B{x, R + r). 

Remark 3.6. ff (A2-Y) and VD hold on Y up to scale Rq and if the metric d is geodesic, 
then the weak Poincare inequality Pl(if') on Y up to scale Rq implies the strong Poincare 
inequality on Y up to scale Rq . This is immediate from a weighted Poincare inequality with 
weight function tp = 1b(x,r), see [28l Corollary 5.3.5]. The weighted Poincare inequality 
with weight ip = 1b{x,r) can be proved using a Whitney covering and chaining arguments 
that are applicable when the metric is geodesic. See [28l Section 5.3.2 - 5.3.5]. 

Lemma 3.7. Assume that {£* ,J-) satisfies A2-Y andVD,PI(4') onY uptoscaleRo. Then 
the pseudo-Poincare inequality holds: There is a constant C = /32, Cip, Cvd, Cpi) G 

(0, 00 ) such that for any ball B[x, 2R) C Y with 0 < R < Rq, and any f G Fo{B(x, R)), 

J 1 /-/spd/i < Cik(s) J dr{f,f), Vsg( 0 ,r), 

where /^(y) := fB(y,s) df, in addition, f G P„{B{x,R/A)) andB{x,R) ^ Y, then 

J /"d/r < C'vl/(R) J dr{fj), 

Proof. The proof is as in the classical case 4'(r) = r^, with the obvious changes regarding 
the use of di(r). The idea is to cover B{x, R) with balls 2Bi where each Bi has radius s/10, 
and to apply the Poincare inequality to each of the balls 4i?i. For details, see [28l Lemma 
5.3.2 and Lemma 5.2.5]. □ 
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3.2. Localized Sobolev inequality. 


Definition 3.8. [8*,F) satisfies the localized Sobolev inequality SI(iI') on Y up to scale i?o, 
if there exist constants k > 1 and Csi G (0, oo) such that for any ball B{x, 4i?) C B{x, 8R) C 
Y with 0 < i? < i?o/4, and all / G Tc{B{x, R)), we have 


(18) 


IB{x,R) 


\f\^^dn 


< 


Cs 


V{x,R) 


— f dTifJ). 

Jb(x,R) 


Theorem 3.9. If A2-Y and VD, are satisfied on Y up to scale Rq, then {8*^J-) 

satisfies 81(41) on Y up to scale Rq. The Sobolev constant Cgi depends only on 
CvD md Cpi. The constant k satisfies 1 — ^ = /3i/log 2 (C'vD)- 

Proof. We follow [281 Theorem 5.2.3]. It suffices to proof the assertion for non-negative /. 
For any y £ B = B{x, R), 0 < s < i?, we have by Lemmathat 

^\rr 


\fsiy)\ < 


1 


I/Mm < 


1 , 


TiB{y,s)) JB(y,s) y{B) 

where v = log 2 (C'vD). For 0 < / G IF^{B) and A > 0, write 

m({/ > A}) < /!({!/ -fs\> A/2} I^B)+ /i({/« > A/2} n B) 

and consider two cases. 

Case 1: If A is such that 


A 

4 pi{B) 


1 ) 


then pick s G (0, i?) depending on A in such a way that 


A 

4 


f<2 

'-'V 


m(B) 


For this choice of s, 

m({/s > a/2} nB) = 0. 

By (O, we then have for k satisfying 1 — 1 = ^ that 


(19) 


- 4 /( 5 ) [m(B)J 


where C denotes a positive constant that may change from line to line and depends only on 
/?!,/32, , CvD, Cpi. Applying the pseudo-Poincare inequality of Lemma [3.71 and (fl^ . we 
obtain 


M({/>A})<A/({|/-/.|>A/2}ni?) 


<^^4/(5) I dr{f,f) 


< 


c 


( 




4/(i?) / dVifJ). 


A <_^ 

4 - m(S) 


Case 2: If A is such that 
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then it follows from the second part of Lemma 13.71 that 

I /"dM < C''h(i?) I dr{f,f). 

Hence, 

Kif > A}) < Idr{fj). 

We obtain that 

1 — — 

(20) A3-^/i({/ > A}) < c ^ I dr(/, /) 

holds in both cases. Now the proof can be completed easily by following the reasoning in 
PSI Theorem 3.2.2 and Lemma 3.2.3]. □ 


4. The Moser iteration technique 

4.1. Time-dependent forms. For the rest of the paper, we fix a reference form {£*,R) 
as in Section [2T] and an open set Y C X. We assume {£*,T) satisfies A2-Y, VD, PI)!!/), 
CSA(iI') on Y up to scale Rq > 0. Let {£t,R), f € K, be a family of bilinear forms that 
satisfy Assumption [0] and Assumption [T] 

4.2. Local very weak solutions. We recall the notion of very weak solutions introduced 
in m- For an open time interval I and a separable Hilbert space H, let L'^{I — H) be the 
Hilbert space of those functions v : I ^ H such that 

Ml^i^h) ■= \\v{t)\\%d?j < oo. 

It is well-known that L^{I L^{X,iY)) can be identified with L^{I x X,dt x dfd). Indeed, 
continuous functions with compact support in / x A are dense in both spaces and the two 
norms coincide on these functions. 

Let —)• X; U) be the space of all functions u : I x U —>■ K. such that for any open 

interval J relatively compact in /, and any open subset A relatively compact in U, there 
exists a function {I X) such that = u a.e. in J x A. 

Definition 4.1. Define 

D{Lt) = {f & X : g ^ is continuous w.r.t. || • II 2 on X^}. 

For / G D{Lt), let Ltf be the unique element in L^{X) such that 

- j Ltfgdg = £t(f, g) for all g € X^. 

Then we say that {Lt, D{Lt)) is the infinitesimal generator of {£t,X) on X. See, e.g., [21]. 

Definition 4.2. Let I be an open interval and U C X open. Set Q = I x U. A function 
u : Q —> R is a local very weak solution of the heat equation = Ltu in Q, if 

(i) u G X;U), 

(ii) For almost every a,b G I, 

u{b,-)(j)dfj, — J u{a,-)(j)dg. + J £t{u(t,-),(j))dt = 0. 

Definition 4.3. Let I be an open interval and U C X open. Set Q = I x U. A function 
u : Q — R is a local very weak subsolution of -^u = Ltu in Q, if 


(21) v^Gj;(f/), J 
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(i) u&Ll^{I^T-U), 

(ii) For almost every a,b G I with a < b, and any non-negative 4> G Tc{U), 


( 22 ) 


/ u{b, ■)(pd^ 


u{a,-)(f)d^ + / £t{u{t, ■), cj))dt < 0. 


A function u is called a local very weak supersolution if 


—u is a local very weak subsolution. 


Note that a local very weak solution is not required to have a weak time-derivative. A 
function u : Q —>■ M is a local weak solution in the classical sense if and only if u is a local very 
weak solution and u G Cioc(I L'^{U)), where Cioc{I L'^{U)) is the space of measurable 
functions m : / x ?7 —>■ R such that for any open interval J relatively compact in I and any 
open subset A relatively compact in U, there exists a continuous function : I ^ A^(?7) 
such that u = on J X A. See [B Proposition 7.8]. 


4.3. Estimates for sub- and supersolutions. Let B = B{x,r) C Y and a € R. For 
(7,6 G (0,1], set 

SB = B{x, 5r), 

J-= (a - ^'(r),a), /+= (a, a-k 4'(r)), /“ = (a - cr4'(r), a), /+= (a, a-k cr4'(r)), 

Q~{x, a, r) = I~ X B{x, r), Q^{x, a, r) = x B{x, r), 

= I- X SB, Q+, = /+ X 5B. 

Let 0 < cr' < (T < 1 and ct := ct — cr'. Let y be a smooth function of the time variable t such 
that 0 <x<l, x = 0in (—oo, a — tT'I'(r)), x = 1 in (a — cr'4'(r), oo) and 


0<x' < 


(T'I'(r) 

Let 0 < d' < (5 < 1 and 5 '.= 6 — 5'. Let dp, = dp, x dt. 


Lemma 4.4. Let p > 2. Then there exists a cutoff function ip G CSA('I',C'o) for B{x,5'r) 
in B{x,S'r + Sr) and constants ai G (0,1), Ai,A 2 G [0, oo) depending on Co, Cio, Cn such 
that 

sup f u^ip'^dp + ai f [ ip'^dVliA’^'^,u^/'^)dt 
tai-J Ji-,J 

cr' cr 

(23) ^ ( (^i(l + ^2)--^+A2C'3)/= + .r^) / uPdp 

\\ ^{Sr) J 

holds for any non-negative local very weak subsolution u of the heat equation for Lt in 
Q = Q~{x, a, r) which satisfies u^dpdt < oo. 

Proof. We follow the line of reasoning in [B Proof of Theorem 3.11]. We pick k = 2{p — 1) 
and e = ^ for some sufficiently small c > 0 that will be chosen later. By Lemma [2.71 we 

have for any s G I~, any cutoff function ip G CSA(4', e, Cq) for B{x, S'r) in B{x, S'r Sr), 
and any non-negative function f G T D CffX), fn'-=fS\ n, that 

-£.=(/,//rV)< J V'Vr"dr(/,/) 

+ (^4C'ioe(p - 2)2 - ^(p - 2) j I iP^fP-^dTiU, ff) 
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+ 8 Cio-^ [ 

^{6r) J 

By Lemma 12.91 we have 

i^f^"'(/,//rV")i + 1)1 

<4Cne'/"y /rV"dr(/,/) 

+ C'nei/2 + J /rVrfr(/„,/„) 

+ 4{C2 + C3^{Sr))^ [ 

4'((5r) JsB 

Combining the two estimates, we get 
(24) 


-f.(/,//rV) 
1 


< leCioe - 


2C 


10 


+ 4Cnei/2^ J ^^fP-^dr{fJ) 


+ (^4Cioe(p-2)2-^(p-2) + Cnei/2 (^{p - 2)^ + J ^^fr"dT{U,U) 


+ 


SCio + 4^(72 + C34'(Jr)) 


Ci{e) 


ffr^dfi, 


J 4'((5r) JsB' 

for any non-negative f G T r\Cc{X). By the regularity of the reference form, Assumption |0] 
and |191 Lemma 2.12], we can, for any t S I~, approximate the very weak subsolution u(t, •) 
by functions in fl Cc(A), so that (l24)) holds with u{t, •) in place of /. On each side of the 
inequality, we take the Steklov average at t. Notice that, in fact, the right hand side does 
not depend on s. Writing u for it(t, •) and for u„(t, •), we obtain 

(25) 


1 , 

hj, ■*' 




ili^)ds 


< ( IGCioc — 


2(7 


10 


+ 4(7iie^/2^ j i/>2yP-2rfr(u,M) 


+ (4Cioe(p - 2)^ - ^(p - 2) + ((p - 2)^ + 

C'i(e) 


Ip'^uP '^dr{Un,Un) 


SCio + 4((72 -f )) 


,2„P-2 


dfi 


41 (5p) JSB 

This is the analog of Step 1 in [T9j Proof of Theorem 3.11]. 

For a positive integer n, let Un '■= u A n, and define a function TL 

' {v A n)P~‘^, \iv<n, 

^v^(v A n)P~^ + (p ~ l) ’ if u > n. 

Then = v{v A n)P~^. For a small real number h > 0, let 

Ufiit) := — / u{s)ds, t G (a —'i>(r),a — h), 

h Jt 


—y 


by 


-Hniv) := 
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be the Steklov average of u. In this proof, the subscript of the Steklov average will always 
be denoted as h, and Uh should not be confused with the bounded approximation Un- 
We will write Uh{t,-) for Uh{t). Note that Uh & -b^((a — 'I'(r),a — h) ^ and 
■)) G J^ioc at almost every t. The Steklov average Uh has a strong 

time-derivative 

d 1 

^) = + h,x)- u{t, x)). 

Let So = a — Following [1^1 Proof of Theorem 3.11] line by line, we obtain that 

for a.e. to G /“/, for h sufficiently small so that to + h < a, and for J := {so, to), 


(26) 


(27) 

(28) 

(29) 

(30) 


'Hn{uh{to, 


JX 
< - 


<- I 


'jJx dt 

pt-\-h 




'Hn{uh)i)‘^x' d^Jidt 


J JX 


fj 


£s{u{s,-),'H'n{uh{t,-))'ip‘^)x{t)dsdt+ [ [ nn{uh)il^‘^x' d^dt 

J J JX 


1 






1 


pt-\-h 


£s{u{s, •) - u{t, ■),'H'r,{u{t, ■))ilP')ds x{t)dt 




£s{u{t,-),n'^{u{t, ■))tp'^)ds x{t)dt 


J J 'Hn{uh)'ip^x' dfJ-dt. 


We will take the limit as h ^ 0 on both sides of the inequality. As in Step 2 of [TH Proof 
of Theorem 3.11], it can be seen that (l?7l) and (1^ go to 0 as h ^ 0. As in Step 3 of [TU 
Proof of Theorem 3.11], it can be seen that 

lim / 'Hn{uh{to,-))J^d^i= / 'Hn{u{to,-))J^d^i, 

h^^Jx Jx 


and 

lim / / %ri{uh)4>^X d^i dt = / / %n{u)ii^x! d^idt. 

f'-^Oj.TJx JjJx 

We have already estimated the Steklov average in (l29l) in inequality (l25l) . Thus, taking the 
limit as /i ^ 0 in (ESI) - EHD, we get 


'Hn{u{to, ■))i’'^d^j, 


lx 


- (^ISCioe - -f 4Ciie^/2^ J J '^dT{u,u)x{t)dt 

- (^4Cioe(p-2)2-^(p-2) + C'ne'/" (^(p - 2)^ + ) JJ ^\l-^dT{ur.,u„ 


< 


8Cio -f 4(C2 -I- C3\l'(i5r)^ 


Cije) 

\l'(i5r) Jj JsB 


'^dnx{t)dt 


)x{i)dt 
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(31) 

+ y y dfj-dt. 

Finally, we take the supremum over all to € I~, on both sides of the above inequality, and 
then we let n tend to infinity. This is where we use the assumption that u^dfi dt < oo. 

Multiplying both sides by p and setting e = ^ for some sufhciently small c > 0 completes 
the proof. □ 

Lemma 4.5. Let p G (1 + 77 , 2] for some small rj > 0. Then there exists a cutoff function 
Ip G CSA(4',Co) for B{x, S'r) in B{x,6'r + Sr) and constants ai G (0,1), Ai,A 2 G [0, 00 ) 
depending on rj, Co, Cio, Cn such that 

sup f u^ip'^dp + ai f f ip'^dTlvf^'^,u^^'^)dt 
ten ■> diS d 

<j' O' 

^ " Jw) k, 

holds for any locally bounded, non-negative local very weak subsolution u of the heat equation 
for Lt in Q = Q~ (x, a, r). 

We omit the proof of Lemma 1475] because it is analogous to the proofs of Lemma |T4] and 
Lemma l4!6l See also [m Proof of Lemma 3.12]. 

Let e G (0,1) and := u-\- e. 

Lemma 4.6. Let 0 ^ p G (— 00 ,1 — 77 ) for some rj G (0,1/2). Then there exists a cutoff 
function tp G CSA('I',C'o) for B{x,S'r) in B{x,S'r + Sr) such that the following holds for 
any locally hounded, non-negative local very weak supersolution u of the heat equation for 
Lt in Q. 

(i) Let Q = Q~{x,a,r). If p < 0, then there are oi G (0,1) and Ai,A 2 G [0,oo) 
depending on Cq, Ciq, Ch such that 

sup f u^fffdp-\-ai f ('tp‘^dT{u^^‘^,u^/‘^)dt 

t&i- d di- J 

(33) < ((^31.(1 + H(1 + 

(ii) Let Q = Q^{x, a, r). If p G (0,1 — 77 ), then there are ai G (0,1) and Ai, A 2 G [0, 00 ) 
depending on 77 , Co, Cio, Cn such that 

sup J u^ip'^dp-\-ai J J pP'dTiGuFj'^,u^J‘^)dt 

(34) < [ ( Ai(l + C 2 )-—y-+ A 2 C 3 j p(l ^) + N J [ u^dp,. 

Proof. First, consider the case p G (— 00 ,0). Let e € (0,1) be small (to be chosen later). Let 
Ip G CSA('I', e, Co) a cutoff function for B(x, S'r) in B(x, S'r + Sr). By Lemmawe have 
for small e: > 0 and for large k ^ {1 — p), that 

£f{Ue,uPff^tp^) 
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(2Cwe 2,1/ /I f ;2 ^ , 8CioC'o(e) f ^ 

< [—^P +^(P-(1-W2)) ] J ^ uP dr{Ue,Ue) + J IpuPdn. 

By (fTKI) and Assumption [H we have for C = 1 + , 

<CCiiei/2^ [ xl,^uP-^dT{ue,Ue) + CiC2 + C3'i’{5r))^^ [ uPd/x. 

4 7 «'((5r) 7^5 


By Lemma [2. 101 we have 

\£t{e,uP-^i;^)\ < Cnei/2(^^ f i;^uP-^dr{u„u,) + (C^ + C3'I/(fr)) [ uld^x. 

4 7 ^{6r) JsB 


If p < — (1 — ry), then we choose e = ^ for a sufficiently small constant c > 0. Otherwise, 
we let e = cp^. Then the proof for the case p G (—oo,0) can be completed similarly to the 
proof of Lemma 2^ see also (TH Lemma 3.13]. 

For the case p G (0,1 — p), let y be such that 0 < x < 1, y = 0 in (a + ct'I'(7’), oo), x = 1 
in (—oo,a + tT'4'(r)), and 


0>X > — 


The proof of 
details. 


d'4'(r) 

can be now completed similarly to the case p G (—oo,0), we skip the 

□ 


It is clear from the proofs that in the above lemmas the cutoff functions ^|J can be chosen 
to be in CSA('I', c(p“^ A 1), Cq) for a small enough constant c = c(p) > 0. 

4.4. Mean value estimates. In addition to the assumptions made in Section 14.11 we 
assume here that the reference form satisfies the localized Sobolev inequality SI(4') 

on Y up to scale Rq. Let oi be small enough and Ai, A 2 large enough so that the estimates 
of Section hold with these constants. Set A'^ := Ai{l + C 2 )la\ and := A^Czlax. 
Define 6B, I~, /+, /+, Q~ g, g as in Section 2751 In addition, assume that 2B C Y. 

Theorem 4.7. Suppose Assumptions [0] and [U A2-Y, VD, CSA('I') and SI('I') are satisfied 
on Y up to scale Rq. Let p > 1 + rj for some p > 0. Fix a ball B = B{x,r), 0 < r < 

with i3(x,4r) C B{x,8r) C Y. Then there exists a constant A, depending only on 

p,/3i,/32, C'.p, K, Csi, CvD, Co, Cio, Cii, such that, for any a G K, any 0 < tr' < cr < 1, 

0 < (5' < i5 < 1, and any non-negative local very weak subsolution u of the heat equation for 
Lt in Q = Q~{x,a,r), we have 

sup < [{A[ + A'^^{{5 - S')r)) {S - + (a - ^ 

,s' 

A f 

( 35 ) / uPdfi. 

Proof. First, consider the case p > 2. For a ball B/j = i3(a:, i?), let = Csi'I'(i?)t4(a:, i?)“ 

be the prefactor in the Sobolev inequality (flSl) . Consider 0 <v £ RiafiB) and let = v f\n. 
By Lemma [23 we have vf G Fx^fiB) for all p > 1. 

Let 0 < < (5o < 1 and (5o := i5o — (5i. Let ip G CSA(4', e, Co) be the cutoff function for 

B(x,Sir) in B(x,5ir + Stgr) provided by Lemma 14.41 We now apply the Holder inequality, 
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the Sobolev inequality on with / = il^Vn, (01) and CSA(iI', e, Co). We get 


f B{x,Sir) 


< 


Vn 


1{ K 


1 -^ 




< E{B{x,Sor)) 


' B{x,Sor) 


/ yldn 

'B{x^6ir) y 

dT{tj}Vn,tpVn) 


' B{x,5ir) 


vldfi 


< E{B{x,Sor)) (2 f 'il;^dT{vn,Vn) + 2 f vldr{tp, 

y J B{x^5Qr) J B{x^5Qr) 


V') 


1 -^ 


/ B{x,5ir) 


vld^i 


< 


2E{B{x,6or))((l + e) f ip'^dT{vn,Vn) +[ 

\ JB{x,Sor) 'l^(oor) JB{x,Sor) 


vldfj. 


i-J 


/ vldfi 

yJB{x,5ir) y 

Letting n —)■ 00 , we obtain 


(36) 


' B{x,Sir) 




<2E{B{x,Sor))({l + e)l' ip‘^dT{v,v) + 

y J B{x,6or) 


1-T 


' B{x,Sir) 


d^JL 



Now let u £ > E; B) be a non-negative local very weak subsolution of the heat 

equation in Q. Then for almost every t G I, v := u(t, •) is in EiadB) and satisfies (I36|) . Let 
0 < (Ti < (To < 1 and integrate (1551) over . Applying then the Holder inequality to the 
time integral yields 



where 0 = 2 — A Note that the right hand side of (l37l) is finite by Lemma |T4] (applied with 
p = 2). Hence the left hand side is finite and this means that is in x 5iB), which 

is the prerequisite to apply Lemma 14.41 with p = 20 in the next step. 
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Let 0 < (72 < iTi and 0 < ^2 < (5i. Applying Lemma with p = 29, we obtain that there 
exists a cutoff function in CSA(ff', Co) for B{x, 62 r + ((5i — S 2 )r) in SiB with which we can 
repeat the argument above to obtain that x S 2 B). Iteratively, we obtain that, 

for any strictly decreasing sequences ( 0 -^), 0 < Ci+i < Ui < 1, and (Si), 0 < 5i+i < <5^ < 1, 
we have C- d^dt < 00 . Therefore, for p as in Theorem 14.71 


(38) 



vF'^dpLdt < 00 , 


for arbitrary a, 5 £ (0,1), and q>\. 


Now we pick specific sequences {(Ji), (Si) and (g^) with the aim of applying (l37l) . Lemma 
14.41 and CSA(4>) iteratively. Let a',<T, 6 ',S be as in the Theorem. Set di = {a — (t')2“®“^ so 
that ~ cr — a'. Set also uo = a, ai+i = Ui — di = cr —“ (<5 —15')2“*“^ 

so that 5 — 5'. Set also (5o = <5, <5i+i = Si — Si = S — J2]=o 

By Lemma 13.21 and (O , 


(39) 


" < r 

p{S,B)J - ^(5,r)- 


Let tpi £ CSA(4', e, Cq) be the cutoff function for B{x, Si+ir) in B{x, Si+ir + Sir) that is 
given by Lemma [4.41 Here, e = c{p 6 '^)~^ for some small fixed constant c > 0 that depends 
at most on Cio and Cn- 

Similar to how we obtained dSil) but with 1 "^ in place of u, we get 





dp 


< 2C(<5,H) ( (1 + e) / / ij^dr{uP^'/^,uP'^'/^)dt +[ 

\ '^{S^r)Jp 

I sup f ipiU^^ dp 




.,pS' 



By Lemma [4.41 together with (I38L and by (I39L the right hand side is no more than 


C4'(5,' 


/i((5iH)i 


A[^—+A'A ip9^)^^ + 


2 \ ^ go(£) 


dp 


< 


C 


['i>{r)p{B)Y 


(A[+A',^{S.r))^^]{per^ + l 

^ 4'(^,r) / (T^ 


uP^ dp 


< 


[^{r)p{B)] 


fc*+i ({A[ + A',^iSr))S-^V^ + < 7-1 
[B)\ - \ ^ 


Co(£)^(r) 

'i>{S^r) 
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where the constant C G (0, oo) (which may change from line to line) depends at most on 0, 
/3i) P 2 i K, C'i'j C'sii CVd, Cqj C'ioj C'li- Hence, 


q: 


< 


i+l 

1 




CE(j+i)e" 


0 —j p 

((H; vFdfi, 

^ (7,5 

where all the summations are taken from j = 0 to j = i. Letting i tend to infinity, we obtain 

r C 


sup {u^} < ({A'l + H2'l'((5r))(5 + d 

QZ,5, ^ 


^{r)p.{B) Jq- 


vPdp,. 


This yields (l35)l . 

At this stage of the proof. Corollary 14.81 already follows. Thus, in the case 1 + ly < p < 2 
the assertion can be proyed similarly, by using Lemma 14.51 and Corollary 14.81 □ 


Corollary 4.8. Under the same hypotheses as Theorem [23 Then any non-negative local 
very weak subsolution u for Lt in Q is locally bounded. In particular, any local very weak 
solution of u for Lt in Q is locally bounded. 

Proof. The first statement follows from the proof of Theorem 14.71 By [THl Proposition 3.4], 
for any local yery weak solution u of the heat equation, |it| is a non-negatiye local yery weak 
subsolution. □ 


Theorem 4.9. Suppose Assumptions [0] and [U A2-Y, VD, CSA('I') and SI('I') are satisfied 
on Y up to scale Rq. Let 0 < p < 2. Fix a ball B = B[x,r), 0 < r < with B{x,Ar) C 
B{x,8r) C Y. Then there exists a constant A, depending only on Cq,, Pi, /? 2 , k, Cgi, Cvd; 
Cq, CiQ, C'li, such that, for any a G K., any 0 < a' < a < 1, 0 < S' < S < 1, and any 
non-negative local very weak subsolution u of the heat equation for Lt in Q = Q~ (x,a,r), 
we have 

f 4 \ 2{re-l)^/p 

supK}< - [(A(+H'2VI/((d-<5')r))(<5-0“''=2^^ + (^-^')"'] 


Proof. We follow [281 Theorem 2.2.3, Theorem 5.2.9]. Let Di := 2^^(A'i + — d')r)). 

By (1^ with p = 2, we haye for any 0 < cr' < cr < 1, 0 < J' < <5 < 1, 


sup u < [Di{S — S') + (cr 

^,7',S' 

< [Di{S - S')-^^ + {a 




-1] 2(k-1) 


A 


T(r)p(H)') 


1/2 


2k-1 



T ^ 

J sup U 2 , 

Q<7,S 




1/2 


^here J := ^ (Jq-^ vAdp) ' 
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Set So '■= S', i5i+i := + (<5 — 5i)/4. Then {S — Si) = (|)* (5 — S'). Similarly, we set 

cTo := a', (Ti+i := <7^ + (cr — ai)/A. Applying the above inequality for each i yields 


Q, 


sup « < ( 3 


i/32 




[Di{S - S')-f^^ + {a - a')-^]^^ J sup , 

Qa, , , . 5 .- 1 1 


Iterating this inequality, we get for z = 1, 2,... 

'4\/32 2T^5:‘iJt(i-p/2)' 


sup u < 
Q^'s' 


[Di{S - S')-^^ + {a- a')-^] J 


_i -|E}=J(i-p/2)^' 


sup u 


Letting i —>■ oo, and noting that limi^oo supg- ^ = 1, we get 


sup M < ( - 
Q-r. 


[DiiS - S')-^^ + {a- a')-^] J 


2/p 


Rasing each side to power p we get the desired inequality. 


□ 


The next theorem can be proved analogously to the proof of Theorem 14.71 by applying 
Lemma 14.61 instead of Lemma 14.41 

Theorem 4.10. Suppose Assumptions [D] and [TJ A2-Y, VD, CSA(4') and S^di) are satisfied 
on Y up to scale Rq. Let 0 7 ^ p S (— 00 ,1 — rf) for some small rj G (0,1). Fix a ball 
B = B{x,r), 0 < r < with B(x,Ar) C B(x,8r) C Y. Let a € M. Let u G RiadQ) be any 
non-negative local very weak supersolution of the heat equation for Lt in Q. Suppose that u 
is locally bounded. Let e G (0,1) and := u e. Let 0 < a' < cr < ^, 0 < S' < S < 1. 

(i) LetQ = Q~{x,a,r). Ifp G (—oo,0), then there exists a constant A, depending only 
on Pi, P 2 , C\ji, K, Cgi, Cyn, Cq, Cio, Cii, such that 

sup {<} < [{A'l + A'^ms - S')r)) {S - S')-^^! + \p\^^) + (a - a')’'] ^ 

(ii) Let Q = Q'*'(x,a,r). If p G (0,1 — g), then there exists a constant A, depending 
only on g, Pi,P 2 ,C^, k, Csi, Cvd, Cq, Cio, Cu, such that 

sup {uP} < [{A'l + A' 2 'S{{S - S')r)) {S - S')-^^ (1 +p^^) + {a- a')-^] ^ 
^[r)p{B) 


5. Parabolic Harnack inequality 

5.1. The log lemma and an abstract lemma. Let {£t,F), t G M, be as in Section ITT] 
In this section, we suppose that Assumptions [0] - [3] are satisfied. 

Let oi be small and Ai, A 2 large enough so that the estimates of Section |T3] hold with 
these constants. Recall that for e G (0,1), Ug := u + e. 


(l-p/2) 
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Lemma 5.1. Suppose that Assumptions [D] - El are satisfied. Let 0<(T<1, 0<^<1 and 
S := 1 — S. There exists a constant C € (0,oo) such that, for any a S M, 0 < r < i?o, 
B = B(x,r) C Y, and any non-negative, locally bounded function u € Ciac(L 
which is a local very weak supersolution of the heat equation for in Q, there exists a 
constant c G (0,oo) depending on u{a, ■), such that 

(i) 

ft{{(t, z) G if-i- : log Me < —A — c}) < C'^{r)pL{B)X~^, VA > 0, 
where Q = a, r), K+ = (a, a + tT'I'(r)) x SB, and 

(ii) 

ti{{(t, z) G if- : log Me > A — c}) < C'^{r)pi{B)\~^, VA > 0, 
where Q = Q~{x, a, r), iG_ = (a — a'^(r), a) x SB. 

The constant C depends on CVd; C'pu C''L) Ph P 2 , Cq, Ciq, Ch, and upper bounds on 
{I + C 2 + C4) + (C3 + 05 )-^{Sr), ^ and I. 


Proof. For h > 0, let 


Ue,h{t) ■= J Me(r)dr 

be the Steklov average of Ug. Let e G (0,1) (to be chosen later), and let if G CSA(d>, e, Cq) 
be the cutoff function for B{x,Sr) in B{x,r') given by Theorem 13.41 for some r' G {Sr,r). 

Using the fact that the Steklov average has a strong time-derivative and the assumption 
that M is local very weak supersolution, we obtain 


d 

dt. 


log Ue,hit)lf‘^dpL 

= -T f + h)- u{t)] — ^—if'^dp. 

hj Ue,h{t) 


< 


Ue,h{t) 


II 

1 / 

-/ fs(w(s), ,, 

hJt \ Ue,h{t) 


iIj I ds 


if'^ -) ds 

Ue{t) 






u{s) - u{t), 


= fh{t) + fh{t)+gh{t). 


It can be shown that fh{t) and fh{t) tend to 0 in L^{{a, a + cril'(r)) —>• R) as h —>■ 0. Next, 
we will estimate gh{t). We write m^ = Ug{t). Applying ([3]), ([2]), (fT^ and CSA(4', e, Cq), we 
have for any kQ > 0 that 


s: 


:{Ue,U^^lf^) = j 2lfdTs{\og{Ue),lf) - j ’i/'^dFs (log(Me), log(Me)) 

<4fco J dT{lf,lf)- J V'^rfr(l 0 g(Me),l 0 g(Me)) 

;,2 


< - 


c 


10 


c 


10 


if dF(log(Me),log(M£)) 


4fcoC'ioC'o(e) 

'I'((5r) 


dp. 
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By Assumption [T] and Assumption [21 we have 

< j V'"dr(log(«,),log(«,)) + (C2+Ci + (Ca + C5)'h(,5r)) 

By Lemma [2. 101 

< [ ip^dr{\og{ue),\og{ue)) + (c 2 + C3^'((5r-)') [ d^i. 

4 J V / ^'(i5r) Jb 

Hence, making a suitable choice of fco (large) and e (small), we find that for sufficiently 
large fc > 1 depending on Cq, Ciq, Ch and an upper bound for (1+C2+C4 + (C3+C'5)d>(i5r)), 
we have 

-^/ \ogu,^h{t)'>p‘^dfi + ^ j tp‘^dr{\og{u,),\og{u,)) 

(40) < Mt) + A(t) + + C2 + 6-4 + (Ca + C'5)4/(,5r)) -^u{B). 

Let 

J\ogu,{t)^^dn J\ogu,^h{t)'tp^dn 

— Wdr~ ^ 

By the weighted Poincare inequality of Theorem 13.41 there is a constant C„pi £ (0,1) such 
that, for a.e. t G I, 

J I - logUe(<) -W{t)\‘^-lp^dfl < CwPi ^{r) y i/;^dr(logUe(<),logUe(<)). 

The constant CwPi depends only on Cpi and an upper bound on 
This and (|4n|l yield 

+ ci{'mb) L ' ■ ■ "'(‘• I ’’*''''* 

^ + c (i + c. + c, + (C, + c,mh) 

for some constants C, C £ (0, oo) that depend only on k, CVd Cpi, Co and an upper bound 
on Notice that by jS]), for some constant C" depending only on C^, P 2 , 

and on an upper bound on i. 

d _ 

Now the proof can be completed easily by following m Lemma 4.12] line by line, except 
for replacing by 4'(r) and applying ((S]) where needed. □ 


Let C 5 be a collection of measurable subsets of X such that Us' C Ug for any 0 < i5' < 
(5 < 1. Let Ja be a collection of intervals in R such that Ja' C Ja for any 0 < cr' < cr < 1. 


Lemma 5.2. Fix a*, 5* £ (0,1). Let f be a positive measurable funetion on Ji x Ui which 
satisfies 


sup / < 
JwxUs' 


C 


{5 - 5')'i^ 


C 

(a — tT')T '2 


1 

\JMUi) 


'Ja JUs 


f^dp, dt 


1 

P 
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for all a* < a' < a < 1, S* < 6' < S < 1, p G {0,1 — rf), for some 71,72 > 0, 7 S (0,1), 
C G (0, 00 ). Suppose further that 

(41) / 2 ({log/> A}) VA>0. 

Then there is a constant A 2 , G [l,oo), depending only on cr*, J*, 71 , 72 , C and a positive lower 
bound on rj, such that 

sup / < ^3- 

J,,.xUs. 


Proof. We follow [25l Proof of Lemma 3] (see also [ 6 l Proof of Theorem 4], [28l Lemma 
2.2.6]). Without loss of generality, assume for the proof that \Ji\p{Ui) = 1. Dehne 

(f = (l){a,5) := sup /. 

»/c 7 X U§ 

Decomposing x Us into the sets where log / > i log((/)) and where log / < 4log(^), we 
get from (HTI) that 

[ [ Fdpdt<( sup fA p(\ogf > ^log 4^ +(j)^\Ja\p{Us) 


< 


, 2 C 

log(/> 


The two terms on the right hand side are equal if 

2 , / log(/) \ 


p = 


\0g(j) 


log 


2C J 


We have p < 1 — 77 if ^ is sufficiently large, that is, if 
(42) cj)>Ai 

for some Ai depending only on 7 (note we can always take C > 1). Hence, for (f > Ai, the 
first hypothesis of the lemma yields 


log(/(cr', (5') < - log 
P 

< - log 
P 

logf) 


C 


2C 




C \ 

1 1 

)7l 

(o- 

- a'F ) 




2C \ 

1 1 

)7l 

(o- 

- a'F ) 

1 1 

2C 

+ 

2C '' 

\ 


(ct-ct')T'2 ^ 

- + 1 


log (f ^ log 2 
P 


2C I 


If 

(43) 

then 


log</> 

2C 


> 


2C 


2C 


((5 — (5')'>'i {a — a') 


72 


log(j){a',S') < -\og(j). 

On the other hand, if (1^ or (l42l) is not satisfied, then 

/ 2 C 

log4){a' ,S') < logf) < log Hi +2C 


2C 


{S — S'F ~ ^') 


72 
























30 


JANNA LIERL 


In all cases, we obtain 


(44) 


log (t){a',5') <- log(/)(cr, 5) + A 2 




+ 




for some constant A 2 G ( 0 , 00 ) depending only on tr*, 5*, 71 , 72 , C and a positive lower bound 
on 77. Let CTj = 1 — and Sj = 1 — 7^- Iterating (Hill , we get 


i+j 


log(^(a*,S*) <^ 2 ^ 2(2 


J=o 




+ 




((5j+i - ,5^)271 (aj+i - 


= : A 3 < 00 . 


□ 


5.2. Parabolic Harnack inequalities. Let t G M., he as in Section HIT] In this 

section, we suppose that Assumptions [D]- E] are satisfied for an open subset Y C X. 

Let B = B{x, r) C X, a G'M.. Fix S G (0,1) and let 0 < ri < T 2 < T 3 < r 4 < 1. Set 

6B = B{x, Sr), 

Q = Q{x,a,r) = (a,a + 'l'(r)) x B, 

Q~ = (a + ri4'(r), a + T 2 'I'(r)) x SB, 

Q'^ = (a + r 3 'I'(r), a + T 4 4'(r)) x SB. 


Theorem 5.3. Suppose Assumption [D] - [3] are satisfied. Then the family {£t,J-), t G M., 
satisfies the parabolic Harnack inequality PHI('I') on Y up to scale Rq. That is, there is 
a constant Cphi G (0,oo) such that for any a £ R, any ball B{x,4:r) C B(x, 8 r) C Y, 
0 < r < ^, and any non-negative local weak solution u of the heat equation for Lt in 
Q = Q{x,a,r), we have 

sup u < CpHi inf u. 

Q- <3+ 

The constant Cphi depends only on S, ti,T 2 ,T 3 ,T 4 , Cqi, fii, ^ 2 , Cvd, Cpi, Cq, Cio, Cn, 
and an upper bound on [(1 + C 2 + C 4 ) + (C 3 + C 5 ) 4 '((l — 5)r)]. 


Proof. Let e £ (0,1) and := u + e. By Corollary 14.81 Theorem 14.101 and Theorem 15.11 
we can apply Lemma [5l^ to on (a, a + T 2 'I'(r)) x SB. We obtain that there is some c such 
that 


supitec'^ < C. 
Q- 


Similarly, apply Lemma lOl to on (a + T 24 '(r),a + r 44 '(r)) x SB. We obtain that, for 
the same c as above, 

sup(uEe'^)“^ < C'. 

Q+ 


Hence, 


C 

supue < e“'^C < C-^ 

Q- SUPQ+ Ue 

Letting e: —0 on both sides finishes the proof. 


< CC inf Me- 
Q+ 


□ 


Corollary 5.4. Suppose AssumptionslHl-E] are satisfied globally onY = X. IfCs = C 5 = 0, 
then the family (£t, !F) satisfies the parabolic Harnack inequality PHI)^') on X. That is, there 
is a constant Cphi such that for any a £ R and any ball B(x,4r) C X, any non-negative 
local weak solution u of the heat equation for Lt in Q = Q{x, a, r), we have 

sup u < CpHi inf u. 

Q- <3+ 
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The constant Cphi depends only on S, ti,T 2 ,T 3 ,T 4 , C^,, Pi, P 2 , CVd, C'pi: Cq, Cio, Cn, C 2 , 
C4. 


Corollary 5.5. Suppose Assumptions [0] - E] are satisfied and each St is left-strongly local. 
Let 5 S (0,1). Then there exist a G (0,1) and C S (0, 00 ) such that for any a S K, any ball 
-B(x, 4r) C B{x,8r) C Y with 0 < r < any local weak solution u of the heat equation 
for Lt in Q = Q{x,a,r) has a continuous version which satisfies 


sup 


\u(t,y) -u(t',y')\ 

- t'\) + d{y,y')Y 


c 

< — sup 

Q 


where Q' = {a + 'I'((l — S)r), a + 'l'(r)) x SB. The constant C depends only on 5, Pi, 
P2, C'vD, C'pi, Co, Cio, Ch, and an upper bound on [(1 + C2 + (74) + (Ca + C5)'I'((1 - (5)r)]. 


Proof. The proof is standard. For instance, the reasoning in [28l Proof of Theorem 5.4.7] 
applies with only minor changes such as replacing r^ by 41 (r). The left-strong locality is 
assumed because then constant functions are local weak solutions to the heat equation, a 
fact that is used in this proof. □ 


5.3. Characterization of the parabolic Harnack inequality in the symmetric strongly 
local case. It is known from the works of Grigor’yan m and Saloff-Coste [26] that on 
complete Riemannian manifolds, the parabolic Harnack inequality is characterized by the 
volume doubling condition together with the Poincare inequality, as well as by two-sided 
Gaussian heat kernel bounds. For related results on fractal-type metric measure spaces with 
a symmetric strongly local regular Dirichlet form see, e.g., mull] and references therein. 

The parabolic Harnack inequality PH^ik) stated above is slightly different from the Har¬ 
nack inequalities w-PH^^i) or s-PH^ik) introduced in |4] because, in defining Q,Q~,Q^, 
we used ri4'(r) rather than 4'(rir). Our choice is in accordance with the parabolic Harnack 
inequality stated in [16]. In order to clarify the relation between PHI(iI') and w-PH^^i), let 
us define time-space cylinders Q as follows. For 0 < cti < tT 2 < 0-3 < CT 4 < 1, set 

Q = Q{x, a, r) = {a,a + 4'(r)) x B, 

Q~ = {a + 4'(crir), a -|- 4 '(cr 2 T)) x SB, 

Q~^ = {a + 'I'(tT 3 r), a -I- 'I'(tT 4 r)) x SB. 

Let be the dual space of B. 

Definition 5.6. satisfies the weak parabolic Harnack inequality w-PHI('I') on X 

(for local weak solutions) if there is a constant C G (0, 00 ) such that for any a S R, any 
ball B(x,r) C X, and any bounded local weak solution u of the heat equation for Lt in 
Q = Q{x,a,r), it holds 

sup u < C inf u. 

Remark 5.7. In fact, [1] introduced the condition w-PHI(4') for a space of so-called caloric 
functions. We show in ProDOsition l7.3l below that local weak solutions have all the properties 
that define a space of caloric functions. 

Proposition 5.8. Let {X,d, p,£*,T) be a symmetric strongly local regular Dirichlet space. 
Assume that all metric balls in (X, d) are precompact and VD is satisfied. Let ik be as in 
([5]) and consider 

(i) {S*,X) satisfies Vl{^), and CSA('I') on X, 
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(ii) {£*,T) satisfies on X, 

(iii) (£*,iF) satisfies on X (for local weak solutions), 

(iv) \£*,X) satisfies weak-Pl{'^), and CSA{'^) on X. 

The following implications hold: 

(j) => (ii) (Hi) (iv). 

If, in addition, d is geodesic, then (iv) => (i). 


Proof. The implication (i) to (ii) is the content of Corollary 15.41 To verify the implication 
(ii) to (iii), it suffices to find parameters n and at such that Q~ C Q~ and Q~^ C Q~^. By 
( 0 , we have 


r44'(r) 

'I'(tT4r) 




for any T 4 ,(T 4 € (0,1). We pick T 4 and CT 4 such that the right hand side is greater than 1. 
Applying (0 once again, we get 


Ts'Pjr) 

’P(a3r) 




for any T 3 ,CT 3 € (0,1). We pick T 3 < T 4 and as < CT 4 such that the right hand side is less 
than 1. Then Q+ C Q~^. Similarly, we find 0 < ti < T2 < T3 and 0 < cti < (72 < us such 
that Q~ C Q~ ■ 

Under VD, condition w-PHI(4') is equivalent to weak heat kernel estimates (w-HKE(4') 
and w-LLE('k)) by 0 Theorem 3.1]. Under VD, these heat kernel estimates imply the weak 
Poincare inequality weak-PI(4') and CSA(4') by [T71 Theorem 2.12] except for the continuity 
of the cutoff functions which follows from the Holder continuity of the Dirichlet heat kernel, 
which is a consequence of the parabolic Harnack inequality; see also 00- This proves that 
(iii) implies (iv). For the implication (iv) ^ (i) we refer to B.emark 13.61 □ 


Definition 5.9. The reverse volume doubling property (RVD) holds if there are constants 
Cryd and i^o G [ 1 , 00 ) such that 


(45) 

for any 0 < s < R, x € X, 


fj.(B(x,R)) 




R 


TiB{,y,s)) 
y G B{x, R) with X \ B{x, R) fi- 


Remark 5.10. (i) Suppose in addition to the hypotheses of Pronosition lh. SI that RVD 

holds. Then condition CSA('l') in (iv) can equivalently be replaced by the general¬ 
ized capacity condition introduced in m- Moreover, under RVD, (iv) is equivalent 
to a weak upper bound and a weak near-diagonal lower bound for the heat kernel, 
see [131 Theorem 1.2]. The weak heat kernel bounds imply (iii) by 0 Theorem 
3.1]. 

(ii) If the metric space {X,d) is not geodesic then (iii) may fail to imply (ii). See 0 
for a counterexample on a non-geodesic space. 

(iii) For the implication (iv) => (i), the hypothesis that {X,d) is geodesic could be 
replaced by a chaining condition. Then the strong Poincare inequality can be 
derived from the weak Poincare inequality by a Whitney covering argument; see, 
e.g. m- 


Conjecture: The strong parabolic Harnack inequality PHl('I') implies the strong Poincare 
inequality Pl('I'), that is, (ii) (i) in Proposition 15.81 
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6 . Estimates for the heat propagator 

Let {St ,iF) be a family of bilinear forms that satisfies Assumptions [01 [2 [H globally 
on F = X with respect to the reference form {E*,J-). Observe that the bilinear forms 
^t{f,g) '■= St{g,f) satisfy the same assumptions. In addition, we suppose that Assumption 
lOlis satisfied locally on X, that is, every point x € X has a neighborhood = B{x,8rx) 
where Assumption [O] is satisfied with F = up to scale Rq = and i3(x,4r-2,) C F^. 
Recall that a and c are positive constants introduced in Assumption |0l[vi). 

Proposition 6.1. Let s < T < +oo. For every f G L‘^{X) there exists a unique weak 
solution u to the heat equation for Lt on {s,T)xX satisfying the initial condition u{s, •) = /. 
More precisely, there exists a unique u G L‘^{{s,T) F) of the initial value problem 

f dt + f St{u,4>)dt = Q, for all ff) G Lf{{s,T) ^ F), 

(46) 

limu(t, •) = / in Lf{X). 

t\.S 

In particular, u has a weak time-derivative f w e L^{{s,T) F') and u G C'°([s,T] ^ 

L\X)). 

Proof The proof for the case when St is non-negative dehnite is given in [20l Chap. 3, 
Theorem 4.1 and Remark 4.3]. For the general case, it suffices to notice that St -I- a{-, ■) is 
positive dehnite by Assumption jOlvi), and m is a solution to the initial value problem for Lt 
if and only if e~°‘^*~^'^u is a solution to the initial value problem for Lt — a. □ 

For t > s we consider the transition operator associated with Lt — 

Tf : L^{X) -G F. 

The transition operator assigns to every / G Lf{X) the function u{t) = Tff G F, where 
It : t I—> T// is the unique solution of the initial value problem ()46|) with T = -|-oo given 
by Proposition 16.31 We set Tff := limt^sT// = /. From Corollary 15.51 we obtain that 
{t,y) Tff{y) has a jointly continuous version which we will denote by Pff{y). The 
transition operators satisfy 

(47) Tff = Tf o t;/, 'ir<s<t, f gL\X). 

This follows from the fact that both t ^ Tf f and t Tf o Tf f are weak solutions of the 
heat equation on (s, oo) x X and satisfy the initial condition Tf f\_^_^ =Tff = Tf oTf f\^_^, 
and because the weak solution to this initial value problem is unique by Proposition 16.11 
Moreover, applying Assumption [OK vi) it follows that 

(48) VfGL^iX). 

Proposition 6.2. The transition operators Tff, s < t, are positivity preserving. That is, 
iffGL^{X),f>0, thenTffPO. 

Proof. Since is the transition operator for Lt — a, and > 0 if and 

only if £-“(*-*) > 0, and by Assumption [01] vi), it suffices to give the proof for the case 

when S is non-negative definite. 

Take u = Tf f and (j) = u — u'^ in (1461) . Let u'^ := max{M, 0}. By locality, S{u, u — u~^) > 0. 
We also have {■§^{u — u+),it)^, jr < 0. Therefore, 
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Q 

- J ^ {'^iT),u{T) - m+(T))^,^^ - (m(s),m(s) - u+[s))^, j, . 

Since u(s) = / > 0, we have u{s) — u+(s) = 0 and therefore {u{T), u(T) — u+(T))_p-, _p- < 0. 
Thus, u(r) = m+(T) > 0. ’ □ 


Similarly, there exist transition operators S'*, s < t, corresponding to the heat equation 
for the adjoints Lg of the time-reversed generators Lg. It is immediate from (l46l) that S* is 
the adjoint of T/. Let Q\f be the continuous version of S*/ which exists by Corollary 15.51 

Proposition 6.3. There exists a unique integral kernel pit, y, s, x) with the following prop¬ 
erties: 

(i) p{t,y, s, x) is non-negative and jointly continuous in {t,y,x) € (s, oo) x X x X. 

(ii) For every fixed s < t and y € X, the maps x i—>• p{t, y, s, x) and y i—>■ pit, y, s, x) are 
in L‘^{X). 

(hi) For every s <t, all x,y G X and every f G Lfi{X), 

Ptf{y)= [ P(,t,y,s,x)f{x)p{dx). 

Jx 

and 

Qlf{x)= [ p{t,y,s,x)f{y)p{dy). 

Jx 

(iv) There exists a constant C G (0, oo) such that, for every s < t and x G X, 

V{x,T,g) 

where Tx = A — s)), and and C depends at most on fii, P 2 , <^ 31 , Cq, Ciq, 

Cii, Cvn, Opi, and on an upper bound on {1 + C 2 + Cs'^i^Tx))- 

(v) For every s < r <t and all x,y G X, 

p{t, y, s,x)= / pit, y, r, z)p{r, z, s, x)dp{z). 

Jx 

(vi) For every s < r and every fixed x G X, the map {t,y) 1 — p{t,y,s,x) is a weak 
solution of the heat equation for Lt in (r, 00 ) x X. 


Proof. In the special case when {£t,X) is a time-independent symmetric strongly local reg¬ 
ular Dirichlet form, the proof is given in [H Section 4.3.3]. 

Let / e L^(X), / > 0, and let s < t. Then {t — i4'(ry),t -I- C (s,s -I- 'l'(ry)). 

By the mean value estimate of Theorem l4.7l the joint continuity of Pf f{y) in (t, y), and by 
(IT51) . we have 


n c P+^'^Pv) f „ 

[^//(2/)] <Ti7rTj7^- d / [P:f{z)]dp{z)d 

'i>(Ty)V{y,Ty) JB{y,Ty)" 


(49) 


'^iTy)Viy,Ty) 

< g(a-c)(t-s) ^ 


viyxy) 


Ii 


for some constant C G (0, 00 ) that depends on y only through an upper bound on C' 3 ('I'(tj,)). 
Considering /+ and f~, the displayed inequality extends to all f G L'^. This shows that 
/ Pf f{y) is a bounded linear functional. By the Riesz representation theorem, there 
exists a unique function ply G Lfi{X) such that, for every y G X, 


J Pl,y{x)f{x)dp{x), 


for all / € L^{X), 


(50) 


P:f{y) 
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and 

(51) 


UJl < 


C'e(a-c)(t-s) 

y{y^Ty) 


By similar arguments, we obtain that there exists a function q\ ^ such that, 

(52) Qlfix) = j qlj{,y)d^i{y), for all / G L\X), 
and 

(7p(a-c)(t-s) 

(53) 

Since Q\ is the adjoint of P/, we have Pt^y{x) = ql^^iv) almost every x,y € X. We define 

(54) p{t,y,s,x) := Jplyiz)ql^^iz)dp{z). 
for some r G (s,t). Then 

p«,S.,.U = /pr„(.)pU(U<i».(^)fo.'..e.«X 

ProDOsition l6.2l together with (I50p and (15^ implies that p^y and ql^ are non-negative almost 
everywhere, hence p(t, y, s, x) is non-negative for all x,y G X. Applying (I47|) . we get for any 
f&L^{X), 

Ptfiy) = Pt O Prf{y) = J Pt,y{x)Prf{x)dp{x) 

= j QlPly{x)f{x)dp{x) 

= 11 dl,xiz)Pt,yiz)dp{z)f{x)dp{x) 

= J P{t,y,s,x)f{x)dfj.{x). 


Similary, we obtain Qlf{x) = f p{t,y,s,x)f{y)dy,{y). Combining with (1501) and (I52|) . we 
see that p(t, y, s, •) = pf y G P^(A) and p{t, •, s, x) = ql^^ G ^^(A, p). 

From a computation similar to the one above, we see that p{t, y, s, x) is in fact independent 
of the choice of r, and the semigroup property (v) holds. 

The upper bound (iv) follows from (l54|) . the Cauchy-Schwarz inequality, as well as dSlD 
and (|53]) . 

Since p(r, ■,s,x) is inP^(A) when s < r, the semigroup property implies that p{t,y,s,x) = 
P[p{r,y,s,x) for almost every x G X. Since (t,y) i—>■ P[p(r,y, s,x) a weak solution on 
(r, oo) X X, we have proved (vi). 

It remains to show the joint continuity. It suffices to show that p{t, y, s, x) is continuous 
in X locally uniformly in (t, y). Let / G L‘^{X). We apply Corollary [53] to the weak solution 
P// for LtvaQ = Q{x,t,Tx) = (t - + x B{x,Tx), Then, 

\P:f{x')-P:f{x)\<c(^^^y sup |P:/(z)|. 

\ / {a,z)GQ 
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By (gg), 


sup |P:/(z)| 


C 


(a,z)eQ V(x,T:,y/^ 

Here, C is a positive constant that may change from line to line. Now we set f = y where 




r = ^. Then P[f = p{t,y, s, ■) and \\f\\'i < v{y,ry) 


\P,^f{x')-PU{x)\<C 


dix,x') \ 


by (I5T|) . Hence, 
1 


v{x,T^y/‘^ v{y,Tyy/'^' 


This shows that p(t, y, s, x) is continuous in x locally uniformly in (t, y), and completes the 
proof of the joint continuity. □ 


The next lemma is immediate from CSA and (gl), (01). 

Lemma 6.4. Let ip £ CSA('I', e, Cq) he a cutoff function for B{x,R) in B{x,R + r). Let 
(p = e^'^ for some constant M £ R. Let A = B{x, R + r) \ B{x, R). Then 

J 4fdni, f) + 

Assumption 4. There are constants C 6 ,C' 7 ,C'ii £ [0, oo) such that for all t £ M, for any 
e £ (0,1), any 0 < r < R < Rq, any ball B{x,2R) C Y, any M > 1, any cutoff function 
Ip £ CSA(\1>, e, Co) for B{x, R) in B{x, R + r), and any 0 < / £ J'ioc(l^) H Lff^Y, y), 

\£r{fpyi)\ + \£t'^{fjcpy\ 

<Cne'/2M J p^dr{fJ) + {C,+Cj^{r))^M J f<P^dy, 

where B = B{x, R + r), (p = e~^'^. 

We set p{t, y, s, x) := 5 x{y) whenever t < s. Let 

(R t 1 

Lemma 6.5. Let x,y G X. Suppose Assumption^is satisfied and CSA('I', Co) holds locally 
on B{x,d{x,y)) up to scale ^d{x,y). Let fi £ Lr{X) with support in B{x,d{x,y)/ 4 :), and 
let /2 £ L'^{X) with support in B(y,d{x,y)/A). Then there is a constant C £ ( 0 , oo) such 
that, for any s < t, 

J Tffi{x)f2{x)dy{x) < ||/i||l 2 11/2102 exp (-4>;32 (c;(a;, y), C'(t - s)) + {a - c){t - s)). 

The constant C depends at most on Cqr, j 5 i, P2, Co, Cio, Cn, and on an upper bound on 
(C6 + C7d/(d(x,2/))). 

Proof. Set R = d{y,x). Let ip £ CSA(d>, e, Co) be a cutoff function for B{x, jR) in B{x, |i?). 
Let p = e~^'^ for some M > 1 that we will choose later. Let u = Tf f^. Following [8j 
Theorem 2], we get 

= -£t{u,upy 

-~J <l^‘^dTt{u,u) + ^ J dr t{u,u) + 2 J u'^dTt{p,p) 
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< + + J ^^drt{u,u) 

+ + CrVli(i?))e-i/2Mj —^W^uWl 

by Lemma [nH] and Assumption |4l Here, C is a positive constants that depends at most on 
Cip, /3i, /? 2 , Co, Cio, Cii, and on an upper bound on {Co + Cr'if{R)). Choosing e = c/M^ 
for some small enough c = c(C'ii), we get 

UTihh<expi^-^^{t-s)j Uhh. 

If {t — s) > '^{R), then $^ 2 ( 1 ?, C'{t — s)) is bounded from above. In this case the desired 
estimate follows by the Cauchy-Schwarz inequality and (@ 8 ]). Indeed, 

J TiMx)Mx)df,{x) < ||r//i|UHI/2||L= < e(“-=)(‘-^)||/i|UHI/2||L- 


Similarly, if the supremum (in the definition of) $,32 {R, C'{t — s)) is attained at some r > R, 
then ^p^{R, C'{t — s)) < ^ < 1, and the assertion follows. 

It remains to consider the case when (t — s) < 'i'{R) and the supremum ^p,^{R,C'{t — s)) 
is attained at some r < R. Then we choose M := ^ > 1. We get 


Hence, 


C'M^^ R C'{t-s)Rl^^ 

'^{R) rP^^{R) 


<^p,{R.C'{t-s)). 


j Tt fi{x)f2{x)dfi{x) 

< UT^hh^u-^hh^ 

/ n' \ 

'^] ( ^’^P '/’"M II/iIIl=II/2||l2 

\ '^{R) J \b{x,R/A) j \B{y,R/4) J 

< exp -s)-Mj WhWMh^ 

<exp{-^p,{R,C'{t-s)))\\hh4f2\\L^. 


□ 


By Theorem 14.91 there exists a constant C S (0, 00 ) such that the following T^-mean 
value estimate holds for any 0 < r < Xy and any non-negative local very weak subsolution 
u of the heat equation for L* in {t — ^'i>{r),t + ^4i(r)) x B{y,r), 


(55) 


4Cy) < 


c 




'^{r)fJ.{B{y,r)) JB(y,r) 


udfidt, 


where C depends on C^, j3i, ^ 2 , Cq, Ciq, Cu, Cpi, Cyu, and on an upper bound on 
{1 + C 2 + C' 3 'I'(r)). Here, on the left hand side, we used the jointly continuous version of u 
that exists by Corollary 15.51 
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Theorem 6.6. Suppose Assu'mptions\^\^\^^are satisfied globally on X, and Assumption 
is satisfied locally on X. Let x,y € X. Suppose CSA('I', Co) holds locally on B{x, d{x, y)) 
and on B{y,d{x,y)) up to scale ^d{x,y). Then there exist constants C,C' € (0, oo) such 
that, for all s < t, 


p{t,y,s,x) < C 


exp (-d»^,(d(x,y),C'(t - s)) + {a- c){t - s)) 
V{x,T,,)iViy,Ty)i 


where Tx = '^ ^ '''y = ^ ^ ’’’v constants C,C' depend only on C^, 

fii, ^ 2 , C'oj C'lO; C*!!; C'vD(d^)) C'pi(d^) for Y = and for Y = Yy, and on an upper hound 
on (1 + C 2 + Cg + C3(4'(ra;) + d'(rj^)) + C'i'^{d{x, y))). 

Proof. Applying the L^-mean value estimate (I55|) to (t,y) 1 —>■ p(t,y,s,x) and to (s,a;) pa 
p{t',y',s,x), we get 


p{t,y,s,x) 
C 


rt+^'!/{Ty) 


< 


^(T-y)^(2/Cy) JBiy.Ty) 


p{t' ,y' ,s,x)dy,{y')dt' 


P+h'^Bv) r r 

/ / / / p{t',y',3 ,x')dy,{x')ds'dp{y')dt', 

J t— ■i'I'(Ty) JB{y,Ty) Js—^'S’{tx) JB{x,Tx) 




< D 

where D = 




'^{rx)'Sf{Ty)V{x,Ta:)V (v ,Ty) ’ 

In the case Ty;\/ Ty < d{x,y)/4:, Lemma [ 6 A] yields 

[ [ P{t\y\s',x')dy{x')dy.{y') 

J B{y,Ty) J B{x,Tx) 

< V{x,Ty,y-/'^V{y,TyY/'^ e^p{-^i 3 fid{x,y),C'{t - s)) + {a - c){t - s)). 

In the case Ty > d{x, y)/4, y), C'{t — s)) is bounded from above. By Cauchy- 

Schwarz inequality and 


[ [ P{t',y',s',x')dy.{x')dy,{y') = f Pf,'lB(x,rx){y')^B{y,Ty){y')dp{y') 

JB(y,Ty) JB{x,Tx) j 


< \\Tf Ib(x,Tx)\\2 ||lB(y.r„)l|2 

< V(x, T,f'^V{y, Tyf/fi 


In both cases, we obtain the desired estimate. 


□ 


Definition 6.7. For an open set U C X, the time-dependent Dirichlet-type forms on U are 
defined by 

£{j^fif,g):=£t{f,g), /,gGD(f^), 

where, for each t G R, the domain D{£^fi) := J^{U) is defined as the closure of J” fl CfiU) 
in J- for the norm || ■ ||_ 7 r. Let T^{t,s), t > s, he the associated transition operators with 
integral kernel p^ {t, y, s, x). 

Proposition 6.8. Let V C U C X be open subsets. For any t > s, x,y G V, 

Py{t,y,s,x) <p§{t,y,s,x). 
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Proof. We may assume that each £t is non-negative definite (if not, multiply the kernels by 
^-a{t-s) notice that the associated bilinear forms £t + a are non-negative definite by 
Assumption inivi)). Let r S (s,t). 

Let f{z) = p^{r, z, s,x). Then = Pff{t,r)f is a non-negative local weak 

solution of the heat equation in (r, oo) xV. As t r, P^{t,r)f —>■ / in L'^{U), and by 
non-negativity also in Lf{y). Hence, by Corollary 17.21 

p°{t,y,s,x) > Pv(t,r)p^{r,-,s,x) = / py{t,y,r, z)pu{r, z, s, x)dp{z). 

Jv 

Similarly, we have for Py (t, y, s, x) = Qy{s, r)py{t, y, r, ■){x) that 

Py{t,y,s,x) < Q§{s,r)py{t,y,r,-){x) = / p°{r,z,s,x)py{t,y,r,z)dp{z). 

Ju 

Combining both inequalities finishes the proof. □ 


Theorem 6.9. Suppose Assumptions\^\^\^\^are satisfied globally onX, and Assumption 
is satisfied locally on X. Let a G X and B = B{a,ra). 

(i) For any fixed e G (0,1) there are constants c',C' G (0,oo), such that for any 
X G B{a, (1 — efia) and 0 < e{t — s) < '^{ra), the Dirichlet heat propagator p^ 
satisfies the near-diagonal lower bound 


(ii) 


PB{t,y,s,x) > 


V{x,^ l(t - s) A i?a;) ’ 

for any y G B{a,{l — e)ra) with d{y,x) < ed'“^(t — s), where Rx 
The constants c',C' depend at most on , fii, 132 , Cq, Ciq, Ch, 
and C'pi(yQ) for Ya = B{a, 8ra), and on an upper bound on (1 -G C 2 - 
C'5)^(ra)). 

There exist constants C, C G (0, 00 ) such that for any x,y G B, t > s, the Dirichlet 
heat propagator pg satisfies the upper bound 


= d{x,dB). 
on CvoiXa) 

- Ci + (Ca + 


PB{t,y,s,x) < C 


exp{-<i>i 3 fid{x,y),C'{t - s)) -h (a - c){t - s)) 


H(X, ra)2H(?/,Ta)2 


where Tq = T ^ (^) 


The constants c', C, C depend at most on C,},, fii, (32 , Cq, Ciq, Ch, on C'vD(bo) and CpfiYa) 
for Ya = B{a,8ra), and on an upper bound on (1 C 2 + Cq 3- Cj'^{d{x,y))). 


Proof. The on-diagonal estimate in (i) can be proved in the same way as in m Theorem 
5.6]. See also [28l Theorem 5.4.10]. For the near-diagonal estimate, apply the parabolic 
Harnack inequality of Theorem 15.31 

(ii) is immediate from Theorem 16.61 and the set monotonicity of the heat propagator 
proved in Proposition 16.81 □ 


If {X, d) satisfies a chain condition as in [T3] , then we can apply the parabolic Harnack 
inequality repeatedly along chains to obtain an off-diagonal lower bound. In particular, if 
d is geodesic, then the lower bound in Proposition 16.9f i') can be improved to the following 
corollary. By Proposition l6.81 we obtain the same lower bound for the global heat propagator 
p{t,y,s,x). 

Let 


$(i?, t) := sup 

r>0 


R 



r 
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Corollary 6.10. Suppose d is geodesic. Then there are constants C",c',c" G (0,c») such 
that for any a € X, all x,y G B{a, ral‘Xj, and t > s, the Dirichlet heat kernel on B = B{a, ra) 
satisfies the lower bound 


PB{t,y,s,x) > 


Ara) 


exp {-C"^{d{x, y), c"(t - s))) 


The constants c',c",C" depend on Cqt, fii, Cq, Ciq, Ch, C 2 , C 3 , C 4 , C 5 , on C'vD(y) 
and Cpi(F) for Y = B{a, Sr^), and on an upper bound on (1 + C 2 + C 4 + (C 3 + C' 5 )'l'(rQ)). 


Proof. From Theorem 16.91 11 we obtain an on-diagonal bound for 0 < e(t — s) < 'f'(ro). The 
off-diagonal estimate (for any t > s) follows from the parabolic Harnack inequality. □ 


Corollary 6.11. Suppose Assumptions [01 [H [H A2-Y, VD, PI(4'), CSA('l') are satisfied 
globally on Y = X. Suppose d is geodesic. If C 3 = Cs = 0, then there are constants 
C, C, c', c", C" G (0, 00 ) such that for any x,y G X and t > s, we have 

,exp(-C'"$(d(a;,y),c"(t- s))) ^ ^ ^exp{-‘I>/ 3 ^{d{x,y),C'{t - s)) + {a - c){t - s)) 

" V{x,^-^t-s)) ^ ^ V{x,^-^t-s)) 

The constants C,C',c',c",C" depend only on C^j, fii, ^ 2 , Cq, Ciq, Ch, C 2 , C 4 , CvniX), 
CpfiX). 


7. Parabolic maximum principle and caloric functions 

Proposition 7.1 (Parabolic maximum principle). Suppose {£t,X), t G M., is a family of 
bilinear forms satisfying Assumption Assume that £f^’^{f,f) > 0 for all t G and 
f G T. Let I = {s,T) for some —00 < s < T < 00 . Let U C X be an open subset. Let 
u G Cioc{I —>■ L‘^(U)) be a local very weak subsolution of the heat equation for Lt in I x U. 
Assume that u~^{t, ■) G J^{U) for every t G I, and u~^{t, •) —> 0 m L^{U) as t ^ s. Then 
It < 0 almost everywhere on I x U . 

For weak subsolutions of the heat equation for symmetric regular Dirichlet forms, the 
parabolic maximum principle is proved in [121 Proposition 5.2] (see also [111 Proposition 
4.11]). Their proof makes explicit use of the Markov property of the Dirichlet form. Below 
we give a proof of Proposition 17.II that relies on Steklov averages. 

Proof of Proposition \7.1\ Let u be as in the proposition. Then ((Ml) extends to all (f G 
J^{U) by an approximation argument together with the Cauchy-Schwarz inequality and 
Assumption |0l Thus, for any fixed t, we can take = {u~^)h{t) G J^{U) as test function in 
(l22)l . Let s < a < b < T and h > 0 be so small that b + h < T. Since Uh has the strong 
time-derivative ^{u'^)h{t) = ^[u'^it + h) — u+(t)], we have 

/ {u+)l{b)dy- f {u+)l{a)dn 
Ju JU 

= / ^ J^iu^)Ut)dydt 
= 2 y i J [u~^{t + h) - u~^{t)]{u'^)h{t)dfj.dt 

= 2 / i / [u{t + h) — u{t)]{u'^)h{t)dfj,dt 
Ja d Ju 


( 56 ) 
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- 2 


/ [u {t + h)—u 

Ju 


< -2 


lu 


- Ss {u{s),{u'^)hit)) dsdt 

Ja ^ Jt 

2 / i / [u~{t + h) — u~{t)]{u'^)h{t)d^dt 
Ja d 


(57) 

<-2 y -y £g (u(s), (u~'')h(t) - u~''(t)) dsdt 

(58) 

— 2y — y £g (^u{s) — u{t),u'^{t)) dsdt 

(59) 

— 2y — y £g{u{t),u'^{t)) dsdt 

(60) 

+ ^y J u~{t){u''~)h{,t)dfidt. 


Letting h go to 0, we see that (l57l) and (l58l) tend to 0 by Assumption [0] and [TH Lemma 3.8 
and Corollary 3.10]. In (15^ . observe that —£s (w(t), = —Sg < 0 because 

Sg is local and its symmetric part is non-negative definite. The integrand in (1601) converges 
to 0 pointwise almost everywhere. Hence (1601) goes to 0 by the dominated convergence 
theorem. Thus, we obtain 


f {u^)'^{b)dfj, — ( {u~^)'^{a)d^ < 0. 

Ju Ju 


for almost every s < a < b < T. The assumption that •) — 0 in LJ{U) as t > s 

implies that we can make fjj(u~^)^(a)dfi arbitrarily small by choosing a sufficiently close to 
s. Hence, 


f {u^)'^{b)dfi < 0 , 

Ju 


so u^{b) = 0 /r-almost everywhere on U, for almost every b € I. This proves that u < 0 
almost everywhere on I x U. □ 


Corollary 7.2 (Super-mean value inequality). Suppose t G M, is a family of bilinear 

forms satisfying Assumption\^ Assume that /) > 0 for all t G M. and f GT. Let 

I = {s,T) for some —oo < s < T < oo. Let f G LJ{U), / > 0. Let u G C\oc{I —>■ LJ{Lf)) be 
a non-negative local very weak supersolution of the heat eguation for Lt in {s,T) x U such 
that u(t, ■) ^ f in Lf{U) as 11 s. Then, for every t G (s, T), 

u{t,x) > Pff (t,s)f{x) for a.e. x G U. 

Proof. Following [H Corollary 2.3], we apply the parabolic maximum principle to the local 
very weak subsolution v{t,-) = P^{t,s)f — u{t,-). Indeed, we have v~^{t,-) G P^(U) for 
every t G I hy Proposition 16.21 and [TTl Lemma 4.4]. Now Proposition 17.II yields that u < 0 
almost everywhere in / x C7. Continuity in t completes the proof of the super-mean value 
inequality. □ 


The properties listed in the next Proposition are the defining properties of a space of 
caloric functions as defined in [4]. 
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Proposition 7.3. Suppose t € R, is a family of left-strongly local bilinear forms 

satisfying Assumption\^ Assume that Sl^’^{f, /) > 0 for allt^M. and f & if. Let I = (s, T) 
for some T < oo. Let U G X be open. Let yV{I x U) be the space of local weak solutions of 
the heat equation for L^ on L x U. Then 

(i) W{L X U) is a linear space over K. 

(ii) If L' Cl and U' C U, then W(/ xU)c Wifi x U'). 

(iii) For any f G lf{U), the function (t,x) Pffff{x) is in W{I x U). 

(iv) Any constant function in U is the restriction to U of a time-independent function 
m W{I X U). 

(v) For any non-negative u &W{I xU) and every s < r < t < T, 

u{t,x) > Pff {t,r)u{r,x) for a.e. x C U. 

Proof. Properties (i) and (ii) are immediate from the definition of local weak solutions. 
Property (iii) is immediate from the definition of Pff. Property (iv) follows from the left- 
strong locality and the definition of local weak solutions. Property (v) follows from Corollary 

[Ll □ 


8. Construction of non-symmetric local forms 


In this section we show how to construct non-symmetric forms on a given symmetric 
strongly local regular Dirichlet space {X,d,yi,£*,T). Let Y C X be an open subset and 
Rq > 0. Suppose Assumption [3] is satisfied. 


Definition 8.1. Let H be the space of all functions h € P D L°°{Y,fi), h > 0, for which 
there exists a constant G (0,oo) such that 


(61) 


vo</G J^,(r)nL°°(y,/i), 


I dr{f,h) 



For instance, R contains any non-negative bounded function that is f *-harmonic on the 
subset Y. Also the ground state on a bounded domain containing Y is in H. 


Lemma 8.2. Let h gR. Then there exists a constant Ch S (0, oo) such that 

(62) V/GJ^,(r), j fdT{h,h)<Ch\\ff:F- 


Proof. It suffices to show (El when / G Pc{Y) is bounded (otherwise approximate / by 
bounded functions /„ := (/ A n) V (—«))• Then ph G PPX) L°°(fY, p). By Q, (IGTI) . and 
0 , 

J fdr{h,h) = Jdr{fh,h)-2 J fhdT{f,h) 

< ly fdr{h,h) + 8 J PdT{fJ) + C'^ J fhdp. 

Since, by assumption, h is bounded, (I62|) follows by rearranging the terms in the above 
inequality. □ 


Proposition 8.3. Let h €R. For f,g € Ph, set 

(63) S{f,g)-=S*{f,g) + J gdr{f,h)- J fdr{g,h). 

Then the results of Section^ Sections 15.11 - HOI and Section\^ apply to {S,P), provided 
that {£*,P) satisfies Assumptions^ as required in these results (locally or globally). 
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Proof. We point out that the bilinear form £ is defined on x b and its skew-symmetric 
part may not satisfy the inequality in Assumption 0(i). Nevertheless, by locality the def¬ 
inition (ESI) makes sense for any pair (/, 5 ) where / S ^ioc(^) and g = fip'^ for some 
Ip G L°°{Y, g). Moreover, if (/fc) C fl C^{X) converges to some / G in {F, || • ||^) 
and quasi-everywhere, then one can easily verify that, for any positive integer n and any 
P > 2, 

lim £:(/fc,/fe(/fe An)P“V^) = ^(/,/(/A 

k—yoo 

This is in fact sufficient to apply the argument of (1241) and the paragraph thereafter, which 
is the only place where we have used Assumption 0(i) within Section [Hand Section [5TT] - l5.2l 

Below we will verify that {£,F) satisfies Assumption 0(ii)-(vi), Assumption 1 and As¬ 
sumption 2 . 

It is immediate from (1631) that {£,F) is a local bilinear form. The symmetric part of £ 
is f = £*. This follows easily from the definition of £“ and the strong locality of 

{£* ,F). Thus, part (ii), (hi) and (vi) of Assumption [0] are trivially satisfied. Observe that 
h). Since T obeys the product rule and the chain rule, part (iv) and part 
(v) of Assumption [D] are verified. 

Next, we show that {£,F) satisfies Assumption [1] The estimate on is trivially 
satisfied. Let e G (0,1). Let 0 < r < R < Rq and B{x, 2R) C Y. Let g G CSA('I', e, Cq) be 
a cutoff function for B{x, R) in B = B{x, R + r). Let 0 < / G JiocC^) OLi“ (T, g). By (ICTl) . 


7 skew / r2 2 


(/V,1) = 


dTifg^h) 


<Cpj fg^dg<C'^l^fdg. 


Furthermore, we have 


£‘‘'^^-{fJg^) = -2 J fgdT{g,h). 

By (El), EH), dl, and the cutoff Sobolev inequality (|6|). 


fgdr{g,h) 


< 2(^1 fdT{g,g)^ ^ (^lifg)^drih,h) 

<2C]!^ (^1 fdT{g,g)^ ' (^2 J g^dT{f,f) + 2 J fdr{g,g) + j fg^dg 

2C]!^ (^e I g^dVifJ) + ^ J gfdg'^ ' (^2 J g^dr{f,f) 


1/2 


< 


< 


+ 2Cy" (^2 I fdr{g,g) + J /V^p) 

/ 9^drifJ) + ^ J gfdg^+2e^f^J g^dVifJ) 

+ (2e / fl^dr(/, /) + (^2^ + 1 ) I fgdg 


< Cue'/" I g^dTif, /) + (C 2 + C34-(r))l^^^ ^ fdg, 












44 


JANNA LIERL 


for some constants Cn, (72, depending only on Ch and Cq. This proves that 
satisfies Assumption [1] Similarly, one can verify that Assumption |4] is satisfied. 

Next, we show that {£, J-) satisfies Assumption[2] Let g be as above and 0 < / G 
with / + f~^ G By dSl), ©, dnU, and by the cutoff Sobolev inequality dH), 


|f="*"'(/,rV)l= I /-Vdr(/,h)- 1 fdr{f-^g^,h) 
-2 J gdr{g,h) + 2 J g^dV{log /, h) 


< 2 (/ dr{g,g) 


1/1 ^ r \ 1/2 

g'^dT{h, h) 


\ 1/2 


g2dr(log/,log/) 


g^dr{h, h) 


1/2 


1/2 


< 2 C, 


< 2Cy^ 


J dr{g,g) + J g^df?j + g^dr(log/, log/)^ (^J dr{g,g) 


1/2 y g2rfr(log/,log/)+ + (l + e-1/2) J gdg 


< Ciiei/^y ff2dr(log/,log/) + (C4 + C5T(r)) 
for some constants Cn, (74, C 5 depending only on Ch and Cq. 



1 / 2 - 


□ 


It might be possible to weaken Assumption [0] in such a way that it covers the example 
constructed above. However, this issue concerns the (local) domains of the bilinear forms. 
We chose to keep Assumption [0] as it is for the sake of the readability of the paper. 
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